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% utit: powers of the mind, like those of the body, are 
increased by frequent exertion ; application and industry 
supply the place of genius and invention ; and even the 
creative faculty itself may be strengthened and improved 
by use and perseverance. Uncultivated nature is uni- 
formly rude and imbecile, it being by imitation alone 
that we at first acquire knowledge, and the means *ef -. 
extending its bounds. A just and perfect aco^juSiritaai$e 
with the simple elements of at ip.nce ,,»«*& rteeessary* £te"p 
towards our future progress and a^Vsutfonfint 5 ^nd^ this, 
assisted by laborious investigation * and habiftlafc inquiry > 
will constantly lead to eminence and perfection;, . »' •'"' '"„*.. •, \ 

Books of rudiments, therefore, concisely .<m|ten^^1l '', 
digested, and methodically arranged, are t£&tau?33Jof*m- . 
estimable value ; and too many attempts cabnot be made 
to render them perfect and complete. When the first 
principles of any art or science are firmly fixed and 
rooted in the mind, their application soon becomes easy, 
pleasant and obvious ; the understanding is delighted 
and enlarged ; we conceive clearly, reason distinctly, and 
form just and satisfactory conclusions. But, on the con- 
trary, when the mind, instead of reposing on the sta- 
bility of truth and received principles, is wandering in 
doubt and uncertainty, our ideas will necessarily be con- 
fused and obscure ; and every step we take must be at- 
tended with fresh difficulties and endless perplexity. 

That the grounds, or fundamental parts, of every sci- 
ence) are dull and unentertaining, is a complaint univer- 



tune, casually bestowed, or hereditarily received, and are 
frequently abused by their possessors ; but the superiority 
of wisdom and knowledge is a pre-eminence of merit, 
which originates with the man, and is the noblest of all 
distinctions. 

Nature, bountiful and wise in all things, has provided 
us with an infinite variety of scenes, both for our in- 
;.9{ruction and entertainment ; and, lilce a kind and 
: ;-iajhi(gi>nt .parent, admits all her children to an equal 
" paVtfciJtatidryof;* her. blessings. But . a » the modes, situa- 
tions and «r'eii(B«£iwjes of life are various, so accident 
Jialpt ar^;educatfoii,: have each thejr predominating in- 
.■Jjflertecjl.ffld/Tpve to every mind its particular hias. 
' '^Th>f e-e*a*[.&p!es of excellence are wanting, the attempts 
■10 ■'attain; ft. ire bjit few ; but eminence excites attention, 
and pro'dweea,. initiation. To raise the curiosity, and to 
awaken the listless and dormant powers of younger 
minds, we have only to point out to them a valuable ac- 
quisition, and the means of obtaining it ; the active 
principles are immediately put into motion, and the cer- 
tainty of the conquest is ensured from a determination ta 
conquer. 

But, of all the sciences which serve to call forth this 
spirit of enterprise and inquiry, there are none more 
eminently useful than Mathematics. By an early at- 
tachment to these elegant and sublime studies, we acquire 
a habit of reasoning, and an elevation of thought, which 
fixes the mind, and prepares it for every other pursuit. 
Prom a few simple axioms, and evident principles, we 
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j oceed gradually \p the most general propositions, and 
remote analogies : deducing one truth from another, in 
a chain of argument well connected and logically pur- 
sued ; which brings us at last, in the most satisfactory 
manner, to the conclusion, and serves as a general direc- 
tion in alliUir inquiries after truth. 

And it is not only .in. this respect that mathematical 
learning is so highly valuable ; it is. likewise, equally 
estimable for its practical utility. Almost all the works 

* of art and devices of man, have a dependence upon its 
principles, and are indebted to it for their origin and 
perfection. The cultivation of these admirable sciences 
is, therefore, a thing of the utmost importance, and 
ought to be considered as a principal part of every 
liberal and well-regulated plan of education. They are 
the guide of our youth, the perfection of our reason, and 
the foundation of every great and noble undertaking. r ^ 
From these considerations, I have been induced to ** 
compose an introductory course of mathematical science ; 
and, from the kind encouragement which I have hi- 

, therto received, am not without hopes o£ a.c&otfy'V' 
ance of the same candour and approbation, : Consider- 
able practice as a teacber, and a -Jlpag attention/ to the 
difficulties and obstructions which fetatd the -pi^gres'e'.Qf 
learners in general, have enabled me ti ^adt^'mddjtr. 
myself the more easily to their capaciiies\ai«d* '.;\ "</- "- 
standings. And as an earnest desire ttf promoting* "aridf 
diffusing useful knowledge is the chief Vnotive" for this 
undertaking, so no pains or attention shall be wanting to 
make it as complete and perfect as possible. 

The subject of the present performance is Alcebpa • 
which is one of the most important and useful branches 
of those sciences, and may be justly considered as the 
key to all the rest. Geometry delights us by the sim- ^ 
plicity of Its principles, and the elegance of its demon- 
strations : Arithmetic is confined in its object, and par- 
tial in its application ; but Algebra, or the analytic art, 
is general and comprehensive, and may be applied with 
success in all cases where truth is to be obtained and 
proper data can be established. 
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To trace this science to its birth, and to point out the 
various alterations and improvements it has .undergone 
in its progress,' would far exceed the limits of a preface.* 
It will be sufficient to observe that the invention is of 
the highest antiquity, and has challenged the praise and 
admiration of all ages. . Diopkantus, a Greek mathema- 
tician, of Alexandria in Egypt, who flourished in or 
about the third century after Christ, appears to have 
been the first, among the ancients, who applied it to the 
solution of indeterminate or unlimited problems ; but it 
is to the moderns that we are principally indebted for 
the most curious refinements of the art, and its great 
and extensive usefulness in every abstruse and difficult 
inquiry. Newton, Maclaurin, Sanderson, Simpson, and 
Emerson* among our own countrymen, and Clair ant 9 
Eider, Lagrange, and Lacroix, on the continent, are 
those who have particularly excelled in this respect ; and 
it is to their works that I would refer the young student, 
as the patterns of elegance and perfection* 
«... The following compendium is formed entirely upon 
;\*.^htf* model of those writers, and is intended as a usefo) 
'• ^and'Etece^afy/iatrpduciion to them. Almost every y 4vib- 
•ject, whidh:J5eloo#tf/to pure Algebra, is concisely and 
% <##inc^ft:tr$atV<i*o£; and no pains have been spared to 
; .•jn&W ijy? iftn'ole as easy and intelligible as possible. A 
V *grpat ftumTjer-of elementary books have already been 
* wM$^* jtatyp this subject ; but there are none, which I 
have yet sG^n/, but what appear to me to be extremely 
. defective. Besides being totally unfit for the purpose 
of teaching, they are generally calculated to vitiate the 
taste, and mislead the judgment. A tedious and in- 
elegant method prevails through the whole, so that the 
beauty of the science it generally destroyed by the 
s> clumsy and awkward manner in which it is treated ; 
and the learner, when he is afterwards introduced to 



* Those who are desirous of a knowledge of this kind, may con. 
salt the Introduction to my Treatise on JLteebra ,• where thej will 
find a regular historical detail of the rise ana progress of the science, 
from its first rode beginnings to the present times. 
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some of our best writers, is obliged, in a great measure* 
to unlearn and forget every thing which he has been at so 
much pains in acquiring. 

There is a certain taste and elegance in the sciences, 
as well as in every branch of polite literature, which is 
only to be obtained from the best authors, and a ju- 
dicious use of their instructions. To direct the student 
in his choice of books, and to prepare him properly for 
the advantages he may receive from them, is, therefore, 
the business of every writer who engages in the humble, 

, but useful task of a preliminary tutor. This information 
•1 have been careful to give, in every part of the present 
performance, where it appeared to be in the least ne- 

" cessary; and, though the nature and confined limits of 
my plan admitted not of diffuse observations, or a formal 
enumeration of particulars, it is presumed nothing of 
real use and importance has been omitted. My principal 
object was to consult the ease, satisfaction and accom- 
modation of the learner ; and the favourable reception 
the work has met with from the public, has afforded me 
jthe gratification of believing that my labours have not 
been unsuccessfully employed. 
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TO 



T«E TEATff EDlTldjf. 





The present performaface having passed 
through a number of editions since the time 
of its first publication, without any material 
^Iterations having been made, either with re- 
spect to its original plan, or the manner in 
which it was executed, I have been induced, 
from the flattering apprfiflnibn it has constant^ 
ly received, to undertake an entire revision of 
the work ; and, by availing myself of the im- 
provements that have been subsequently 
made in the science, to render it still more de- 
serving the public favour. 

In its present state, it may be considered as 
a copious abridgement of the most practical 
and useful parts of my larger work, entitled, 
A Treatise on Algebra, in 2 vols. 8vo. pub- 
lished in 1813 ; from which* eroe^Visi wtfwKv 




cases, where a different mode <ot p 
appeared to be necessary, it has been chiefly 
cpmpiled : great care having been taken, at the 
samfe tjme, to adapt it, as much as possible, to 
the wants* of learners,andlb|^neral purposes 
. ^pLn^tructk>n,^ agreeably to thg, design with 

* . wniciijt was first written. 

* • 

Witlr this, view, as well as in compliance 
with the wishes of several intemgfcnt teachers, 
I have, also, been led to subjoin to it, by way 
of an Appendix, a small tract on the applica- 
tion of Algebra to the solution of Geometrir 
cal Problems; which, it is hoped, will prove 
acceptable to such classes of students as may 
not have an opportunity of consulting more 
voluminous and e^ipsive work? on this inter- 
esting branch of t hPfecience. 



•to 



John Bonnycastle. 



Royal Military Academy, 
Woolwich, 
October 22, 1315. 
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Algebra is the science winch treats of a genera] me- 
thod of performing calculations, and resolving mathema- 
tical problems, by means of the letters of the alphabet. 

Its leading rules are the same as those of arithmetic ; 
and the operations to be performed are denoted by the 
following characters ; 

4- plus, or more, the sign of addition ; signifying that 
fhe quantities between which it is placed are to be added 
together. ^^. ^^ 

I Thus, a+b shows that tnHWthoer, or quantity, re- 
presented by 6, is to be added to tbat represented by a; 
and is read a plus 6. 

— minus, or less, the sign of subtraction ; signifying 
that the latter of the two quantities between which it is 
placed is to be taks%jggm the former. 

Thus a— b shows that the quantify represented 
is to be taken from that represented by a \ and is reai 
minus b 

Also, a*b represents the difference of the two quan- 
tities a and 6, when it is not known which of them is the 
greater 

X into, the sign of multiplication ; signifying that the 
quantities between which it is placed are to be multiplied 
together. 
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Thus, aX6 shows that the quanti 
is to be multiplied by that represente 
a into 6. 

The multiplication of simple quantities is also fre- 
quently denoted by a point, or by joining the letters to- 
gether in the form of a word. 

Thus, aXb, a . b f and ab, all signify the product of a 
and b : also, 3X<*, or 3a, is the product of 3 and a ; and 
is read 3 times a. 

-f- by, the sign of division ; signifying that the former 
of «the two quantities betwegsjghich it is placed is to be 
divided by' the latter. 

Thus, a-r-6 shows that the quantity represented by a 
is to be divided by that represented by b ; and is read « 
by 6, or a divided by b. 

Division is also frequently denoted by placing one of 
the two quantities over the other, in the form of a frac- 
tion. 

Thus, b~a and— both signify the quotient of b d?- 

vided by a; and ^- si gnifie s that a— 6 is to be divided 

by a+c. 4^F 

= equal to, the sign of equality ; signifying that the 
quantities between which it is placed are equal to each 
other. 

Thus, x=a + b shows that the quantity denoted by x 
is^ftpial to the sum of the quantities a'and b ; and is read 
xPpial to a plus b* 

*= identical to, or the sign of equivalence ; signifying 
. that the expressions between which it is placed are of the 
same value, for all values of the letters of which they are 
composed. 

Thus, (*+<*) X (»— a) =x a —a a , whatever numeral 
values may be given to the quantities represented by x 
and «. 
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= greater titan,: the sign of majority ; signifying that 
the former of the two quantities between which it is 
placed is greater than the latter. 

Thus, <z=6 shows that the quantity represented by a 
is greater than that represented by b ; and is read a great- 
er than b. 

= less than, the sign of minority ; signifying that the 
former of the two quantities between which it is placed 
is less than the latter. 

Thus, a=6 shows that the quantity represented by a 
is less than that represented by b ; and it read a less 
than b. 

: as, or to, and :: so is, the signs of an equality of 
ratios ; signifying that the quantities between which they 
are placed are proportional. 

Thus, a : b : : c : d denotes that a has the same ratio 
to b that c has to d, or that a, 6, c, d, are proportion- 
als ; and is read, as a is to 6 so is c to d, or a is to 6 as c 
h tod. 

^/ the radical sign, signifying that the quantity be- 
fore which it is placed is to have some root of it ex- 
tracted. »«t 

Thus, x/a is the square root of a ; %/a is the cube 
root of a ; and \/ a is the fourth root of a ; 4us. 

The roots of quantities, are also represented by figures 
placed at the right hand corner of them, in the form of a 
fraction. 

Thus, a* is the square root of a ; a* is the cube root 

of a ; and a~ is the nth root of o, or a root denoted by 
any number n. 

In like manner, a* is the square of a ; a 9 is the cube 
of a ; and a m is the mth power of a, or any power de- 
noted by the number m. 

to is the sign of iufinity, signifying that the quantity 
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standing before it is of an unlimited value, or greater than 
any quantity that can be assigned. 

The coefficient of a quantity is the number or letter 
which is prefixed to it. 

Thus, in the quantities 36, — -f-6, 3 and--— are the 
coefficients of 6 ; and a is the coefficient of x in the 
quantity ax. • 

A quantity without any coefficient prefixed to it is 
supposed to have 1 or unity ; and when a quantity has ne 
sign before it, + is always understood. 

Thus, a is the same as + ♦or + la ; and — a is the 
same as — la. 

A term is any part or member of a compound quan- 
tity, which is separated from the test by the signs 4" 
•r— . 

Thus, a and 6 are the terms of a + b ; and 3d, — 26, 
and -f 5cd 9 are the terms of 3a — 26 + Bed. 

In like manner, the terms of a product, fraction, or 
proportion, are the several parts or quantities of whiclf 
they are composed. 

Thus, a and 6 are the terms of a6, or of -£•; and a» 

6, #, a\ are the terms cf the proportion a : 6 : : e : d. 

A factor is one of the terms, or multipliers which 
form the product of two or more quantities. 

Thus, a and 6 are the factors of ab ; also, 2, a, and 6 s , 
are the factors of 2a6 3 ; and a-x and 6 —a are the fac- 
toqsjpf the product (a—x) X (6— a?). 

A composite number, or quantity, is that which is pro- 
duced by the multiplication of two or more terms or fac- 
tors. 

Thus, 6 is a composite number, formed of the factors 
2 and 3, or 2 x 3 ; and Zabc is a composite quantity, the 
factors of which are 3, a, 6, c. 

Like quantities, are those which consist of the same 
letters or combinations of letters ; as a and 3a, or bah 
and lab, or 2a s 6 and 9a a 6. 

a _ . — - — 4 
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UnKlcfe quantities, are those which consist ofTHErent 
letters, or combinations of letters ; as a and 6, or 8a 
and a a , or dab 3 and la 2 b. 

Given qu an titles, are such as have known values, and 
are generally represented by some of the first letters of the 
alphabet ; as a, 6, c, a*, &c. 

Unknown quantities, are such as. have no fixed values, 
and are usually represented by some of the final letters 
of the alphabet ; as x, y, z. 

Simple quantities, are those which consist of one term 
only ; as 3a, bab, —8a 8 6, &c. 

Compound quantities, are those which consist of seve- 
ral terms ; as Sa-f&t or3a-~3e, or a+&>— 3c, te. 

Positive, or affirmative quantities, are those which are 
to be added ; as a, or +a, or +3a6, &c. 

Negative quantities* are those which are to be sub- 
tracted ; as —a, or — 3a6, or — 7a6 a , &c. 

Like signs, are such as are all positive, or all negative ; 
^s + and +* °r — and — . 

Unlike signs, are when some are positive and others 
negative ; as + and — , or— and +. 

A monomial, is a quantity consisting of one term only ; 
as a, 26, — 3a*b t kc. 

A binomial, is a quantity consisting of two terms ; ae 
a+6, or a— 6 ; the latter of which is, also, sometimes 
called a residual quantity. 

A trionomial, is a quantity consisting of three terms, 
as a+26-3c ; a quadrinomial of four, as a— 2b -f- 3fr — 
d ; and a polynomial, or multinomial, is that which has 
many terms. 

The power of a quantity, is its square, cube, biqua- 
drate, &c. ; called also its second, third, fourth power, 
lie. ; as a 2 , a 3 , a 4 , &c. 

The index, or exponent of a quantity, is the number 
tthich denotes its power or root. 

B2 




DEFINlTIpNS. r 

TnuiT — 1 is the index of a 1 , 2 is the index of a* , and 
£ of a^or^/a. 

When a quantity appears without any index, or expo- 
nent, it is always understood to have unity, or 1 . 

, Thus, a is the same as a 1 , and 2x is the same as 2a? 1 ; 
the 1, in such cases, being usually omitted. 

A rational quantity, is that which can be expressed in 
finite terms, or without any radical sign, or fractional in- 
dex ; as a, or ~a % or 6a &c. 

An irrational quantity, or surd, is that which has no 
exact root, or which can only- be expressed by means of 

the radical sign, or a fractional index ; as ^/2 or 2% %/a* 

or a 3 , &c. 

A square or cube number, &c. is that which has an 
exact square or cube root, &c. 

Thus, 4 and -^o 2 are square numbers ; and 64 and 
^a 3 are cube numbers* &c. 

A measure of any quantity, is that by which it can & 
divided without leaving a remainder. 

Thus, 3 is a measure of 6, 7a is a measure of 36a, and 
9a6of27a*M. 

Commensurable quantities, are such as can be each 
divided by the sftttuf quantity, without leaving a remain- 
der. 

Thus, 6 and 8, 2 y/2 and 3 ^/2, 5a a b and 7a6*, are 
commensurable quantities ; the common divisors being 
2, *^/2, and ab. 

Incommensurable quantities, are such as have no com- 
mon measure, or divisor, except unity. 

Thus, 16 and 16, ^/2 and ^3, and a + b and a* + 6«, 
are incommensurable quantities. 

A multiple of any quantity, is that which is some exact 
number of times that quantity. 

Thus, 12 is a multiple of 4, 16a is a multiple of ?a, 
and 20a 3 b* of dab. 
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The reciprocal of any quantity, is that quantityTBvert- 
ed, or unity di?ided by it. 

Thus, the reciprocal of a, or j, is -£ ; and the reci- 
procal off- is b -. 

A function of one or more quantities, is an expression 
into which those quantities enter, in any manner what- 
ever, either combined, or not, with known quantities. 

Thus, a — &r, ax +3x* 9 2x+-a (a 2 — z*)*,aa; m ,a*,&c., 

are functions of x ; and axy + bx*, ay + x(ax 2 — by 3 ) , 
&c. are functions of x and y. 

A vinculum, is a bar — — , or parenthesis ( ), made 
use of to collect several quantities into one. 

'Thus, a + b X c, or (o f 6) c, denotes that the com- 
pound quantity a-f& is to be multiplied by the simple 

quantity c ; and ^ofc+c 2 , or (a&+c a )», is the square 
root of the compound quantity ofc+c 2 . 



Practical Examples for computing the numeral Values of 
various Algebraic Expressions, or Combinations 

of Letters. . 



Supposing a=6, 6=5, c=4, d=l, and e=0 m 

Then 

1. a»+2a&-c+d=36 + 60—4+ 1=93. 

2. 2a 3 — 3a*6+c 3 =432— 540+64= -44. 

3. a« X a+T— 2qfc =36X ll — 240=156. 

- 4. 2a v /6» - qH -y/gqc+c*= 12 X 1+8=20. 
5. 3 a v /2ac+c > , or 3a (2ac+c»)*= 18 v /4>4= 144. 

6> y/ta* — </2ac+c* =^72-^64=^/72- 8=^/64 

7# ^+4*+^^= 6+o+t^y^ *** 
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the numeral values of the following quanti- 
ties ; supposing a, 6, c, d, e, to be 6, 5, 4, 1, and 0, re- 
spectively, as above. 

1 . 2a* +3bc - hd | 6< 3 <w /c+2a^/2«-+-6-d 

2. 5a2 6-10a6 3 +2e 

3. 7a a +6-cXd+e 

4. 6 v 'a6+& a -2ao-e* 



7. a v /o»+6 a +36c^/aa— 6* 



8. 3a'& + i/c a 4V&£+? 

9. 26 + c _ \/66+yc-H 
c d I * 3a-c 2o+c 



ADDITION. 

Addition is the connecting of quantities together by 
means of their proper signs, and incdrporating such as are 
like, or that can be united, into one sum ; the rale for 
performing which is commonly divided into the three fol- 
lowing cases (a) : 

* 

CASE I. 

When the Quantities are like, and have like Signs. 

RULE. 

\ 

Add alkthe coefficients of the several quantities toge* 
ther, and to their sum annex the letter or letters belong- 
ing to each term, prefixing, when necessary, the com* 
moo sign. 



(a) The term Addition, which is generally used to denote this 
rule, is too scanty to express the natupe-of the operations that are 
to be performed in it; which are sometimes those of addition, and 
sometimes subtraction, according as the quantities are negative or 
positive. U should, therefore, be called by some name signifying 
incorporation, or striking a balance ; in -which case, the incon- 
gruity, here mentioned, would be removed* — * 



ADDITION. 
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3a 
5a 
.a 
7a 
12a 

28a 



Say 
Bay 
4ay 
lay 
16 ay 



/ 



&v 




EXAMPLES. 

— 3ax 

*— 6ax 
* —ax 

— 2a* 
— - 7aar 

—19a* 




7s 
3s 
Ax 



■4y 

y 

3y 

y 



Sb + Sy 
5b + 7y 
b + 2y 
Bb + y 
46 + 4y 

SOb+\7y 



v a- 
4a 
3a< 
7a- 



— 2x» 

— x* 



tfF/** 



2a+x* 
%a+x* 
a+%x* 
9a+3a; a 
4a+x* 



T*Enj > iw* 



CASE II. 

When the Quantities are like, but have unlike signs. 

RULE. 



Add all the affirmative coefficients iota o\s& «kss^*«^ 
>se that are negative into MtoAYier, ^\*»&.^&kE^*^^- 



10 




ADDITION. 



yeral of the same kind ; then subtract the least of these 
sums from the greatest, and to the difference prefix the 
sign of the greater, annexing the common letter or letters, 
as before. 



* 



—3a 
+7a 
+8a 
— a. 


EXAMPLES. 

— 7a+5s» 

— 3a+x* 
+a— 3*» 


&c+6a$ 
— 3x+2ay 
a:— Gay 
2x+ay 


+ Ha 


-7a * 


6jp+2ch/ 


*9$ 

+10o» 
+ 13a» 


vS|+8 
+2ay— 9 

_3ay-ll 
+ 12ay+13 


V+sJirf-io*^ 

+3a6— 6x 

— a6— 2x 

+2a6+7a 






— Sta^/x 
+ a</x 
— 3a<</x 
+ 1 7a % /x 
— 4a A /x 


+2a*-36 
-5a a -86 
+4a* - 26 
-3a* +96 


6ax*+5x^ 
~ 2ax a — 6a£ 
+3ax* - lOx* 
— 7ax a +3a? 
+aar» + lla£ 






1 



ADDITION. 
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CASE III. 

When the Quantities are unlike ; or tome like and others un- 
like. 



RULE. 



Collect all the like quantities together, by taking their 
stuns or differences, as in the foregoing cases, and set 
down those that are unlike, one after another, with their 
proper signs. 





EXAMPLES. 




bxy 
Aax 


2xy— 2x 3 
3x 3 +xy 


2ax— 30 
3x 3 — 2ax 


— xy 

— 4ax 


x a +xy 
4x 2 ~ Zxy 

6x* +xy' 


5x 3 — 3s 2 " 
3^/x+10 


4jy 


8x 3 —20 


+ax$ 


8a 3 * 3 — Sax 


10& 3 — 3d** 


— ax* 
+Sax* 


la x —Bxy 
9x y — 6ax 


-b*+Skfix* 
60 +2o»» 


—ax 3 

• 


2a 3 x 3 + xy 
• * 


a 3 x a +120 

-1 


+Sa*y 


2</x — 18y 


2a 3 — Sa^x 


— 2xy3 
— 3y 3 x 
— 8**y 


S^/xy+lOx 
2x a y +26y 
12xy — */*y 


x 3 — 2a a xi L 
3a 3 — 13xy 
xy +32a 3 


+2*y a 


— 8y + 17** 


20 ~66x* 







12 SUBTRACTION. 



EXAMPLES FOR PRACTICE. 

1. Required the sum of £(a+6) and £(0 + 6) 

2. Add 6s— 3a + b + 7 and — 4a — 3a; + 26 -9 toge- 
ther. 

3. Add2a + 36 — 4c - 9 and 60- 36 + $c — 10 toge- 
ther. ' 

4. Add 3a + 26 — 5, a + 56 — c, and 6a — 2c + 3 to- 
gether 

5 Add x 3 + ax* + 6x + 2 and x 3 +cx* +dx— 1 toge- 
ther. 

SUBTRACTION. 

Subtraction is the taking of one quantity from ano- 
ther ; or the method of finding the difference between 
any two quantities of the same kind ; which is perform- 
ed as follows (6) : 

RULE. 

Change all the signs (-f- and — ) of the lower line, 
or quantities that are to be subtracted, into the contrary 
signs, or rather conceive them to be so changed, and 
then collect the terms together, as in the several cases ef 
addition. 

EXAMPLES. ' 

5a 3 — 26 **— 2y+3 Bary+S* — 4 

2a* +56 4x a +9y— 5 3ry — Bx — 7 

3a a — 76 — 3x* — lty+8 2*y+ 1**4-5 



(A) The term subtraction, used for this rale, is liable to the sans* ' 
•bjection as that for addition ; the operation* to be performed) 
being frequently of a mixed nature* like those of the frrmer. 
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key- 18 B^r-Sy— 5 10-8a&—3sy 

— xy+12 — y 3 +3y+2 -*+3-xy 



-=ip 



— 5x 3 y — 8a % Ay/ ax - 2x 2 y 5x* + v/x— 4y 

+3x3^76* 3^0;— 5a;f/ a fcr a — 8a? — x± 



■A * 



EXAMPLES FOR PRACTICE. 

1. Find the difference of £(a+6) and|(a— b). 

2. From3s-2a— 6+7, take 8 - 36+ a +4*. 

3. From3a+6+c-2d, take $ — 8c+2<*-8. 

4. From 13x* -2ax+96 3 take 5x a — '7ax— 6*. 

5. From 20ax— S^x+Sa take 4ax+bx* — a. 

%. From 5ab+2b* — c+6c— 6, take 6 a — 2a6+6c 
7. From ax 3 — 6x*+ca?— d, take 6jr a +ca;«- 2dL 



MULTIPLICATION. 



Multiplication, or the finding of the product of 
two or more quantities, is performed in the same manner 
as in arithmetic ; except that it is usual, in this case, to 
begin the operation at the left hand, and to proceed to- 
wards the right, or contrary to the way of multiplying 
numbers. 

The rule is commonly divided into three cases ; in 
each of which, it is necessary to observe, that like signs, 
in multiplying, produce +, and unlike signs, — . 

It is likewise to be remarked, that ww^t*.* wtwto^ 

C 
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the same quantity, are multiplied together by adding their 
indices : thus, 

*Xa*, ore 1 Xa*=a 3 ; a*Xa 3 =a s ; a?Xa*—a* ; and 

a w Xa n =a mt ». 

The multiplication of compound quantities, is also, 
sometimes, barely denoted by writing them down, with 
their proper signs, under a vinculum, without perform- 
ing the whole operation, as 

Sab (a- b), or 2a</a*+b a . 

Which method is often preferable to that of executing the 
entire process, particularly when the product of two or 
more factors is to be divided by some other quantity, be- 
cause, in this case, any quantity that is common to both 
the divisor and dividend, may be more readily suppres*- 
ed ; as will be evident from various instances in the fol- 
lowing part of the work, (c) 



-Jh 



(c) The above rule for the signs may be proved thus : If b> 6, 
beany two quantities, of which b is the greater, and B— A is to 
be multiplied by a, it is plain that the product, in this case, must 
be less than <zb, because b— b is less than b j and, consequently, 
when each of the terms of the former are multiplied by a, as 
above, the result will be ' 

For if it were «b + ab> the product would be greater than ab, 
t|bich is absurd. 

"' Also, if b be greater than b t and a greater than a, and it is re- 
quired to multiply b— b by A — a, the result will be 

(b — 6)X(a— a)«=AB — aB— bx+ab 

For the product of b— £ by a is a (b— b), or ab— kb t and that 
uf b ■-. b by — n, . which is to be taken from the former, is 
«-4F(b— £), as has been already shown ; whence b4 being less 
than B, it is evident that the part which is to be taken away must 
be less than <zb ; and consequently since the first part of this pro- 
duct is —ob, the second part must be -\.ab ; for if it were«—a£, 
a greater part than ab would be to be taken from a(b —6), which 
i$ absurd* 



MULTIPLICATION. U 



CASE I. 
When the factors are both simple quantities. 

RULE. 

Multiply the coefficients of the two terms together, 
and to the product annex all the letters, or t^ir powem, 
belonging to each, after the ulanner of a word ; and the 
result, with the proper sign prefixed, will be the product 
required (d). 



12a 
3b 


SXAMPLfcS. 

—2a 

+45 > 

— 8aB 


r 

+5a — 9x 2 .'« 
—6a; — bbx 


* 3Sab 


-30ax +456a?* 


lab 
— 6ac 


w-£a*x 
+5* 


— 2xy* — loppy 
-xy +6ay 






• 


3a*6 
2ba* 


I2a*x 

—JLx*y 


< 

+ay a * +2«*y* 










• 



(rf) When any number of quantities are to be multiplied toge* 
ther, it is the same thing in whatever order«they ««\ta£* < &A'&Bttfc* 
it ab is to be multiplied by c, the ^rotatVvt etftast ctox <»*>> <*.>*»*% 



IF MULTIPLICATION. 

CASE II. 
When one of the factors is a. compound quantity* 

RULE. 

Multiply erery term of the compound factor, consider- 
ed as a multiplicand, separately, by the multiplier, as in 
the foxnjjBj^case ; ther>' these proifrcts^Dlaeed one after 
another, with their proper Agbs, wflnSTtne whole product 
required. 

EXAMPLES, 

3o— fb 6xy — 8 a — 2a: +1 

Aa 3jp Ax 



•+* 



12a a — 8a* 18&r*y.-24x 4a 9 *— Bx*+A* 

> % iii ■ ^ ^ ■ 

i 



12*— ab Q5x — 7a 3y»+y— 2 

5a — 2x xy 



13**^6 £5xy+$a* '3**— <ry-Sy 

W2a t^ . 13x* 5x« 



■••MpM. 




'Tyr 



Jtc. ; though it is usuaMn this t&se, as well as in addition and sub- 
traction, to put them according to their rank in the alphabet. It 
may here also be observed, in conformity to the rule given ab >ve 
for the signs, that ( + o) x(+ b\ or (- a)X ( — b) =» + ab 5 «H* v, 
(+<0 X ( -■«• or (-<i)x(+*) = — a*. 



:> 
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CASE III. 

When both the factors are compound quantities* 

RULE. 

^ ■ 

* Multiply every term of the multiplicand separately, by 
each term of the multiplier, setting down the product! 
one after another, with their proper signs ; then add the 
several lines of products together, and theiiMum will be 
the whole product required. 



EXAMPLES. 



a?-}"2/ bx-{"4y x'-'-i-xy — y'* 

x+y Sx-2y x - y 



JL 



X*-T*xy 15<c 8 + 12xty j? 3 +* a y— « r ^ a 

' ~l-*y+y* ^lOxy-8^ ^ X 2y^ X y2^y^ 

_m 

x 2 +2xy+y 2 15x 2 +2xy— 8y 2 x 3 * -?xy 8 +f 



x+y x*+y * 2 -f-*jrh/ 3 

x—y x*+y x-y 



x 2 -\-xy x*-\-x 2 y xw^c 2 y-r'X^ 

—xy—y* +x*y+y 2 -wry~*y*—.y* 



x 2 *— y 2 x*+2x 2 y+y 2 x 3 * * —y* 



EXAMPLES FOR PRACTICE. 



1; Required the product of x 2 — xy-\-y 2 and x+y. 
J, Required the product of # 3 +* a jH"*3f. 2 +y 8 ani 



f 



I* DIVISION, 

3 Required the product of x a +xy-\-y a and x* — 

xy+y 2 - 

4 Required the product of 3x 3 — 2.ry-f5 and x* + 
2*y-3. 

6. Required the product of 2a a — 3(ir+4x a and 
5o a — 6rtx— 2x». 

6. Required the product of 53? 3 +4ajr a +3a 2 ;r4-a 3 , 
^and 2x 3 — 3aj?+o a . 

■^ 7. Required the product of 3x 3 +2x a j»+3y 3 and 
2x*~3x*y*.+by 3 . 

Jt^Reojfcsd the product of x 3 — ox 3 +o#— c^and 

DIVISION. 

Division is the converse of multiplication, and is pen- 
formed like that of numbers.; the mle being usually 
divided' into three cases ; in each of which like signs give 
+ in (he quotient, and unlike signs — , aa in finding 
their pjaMucts (e). ^ 

. It it tme also to be observed, that powers and roots of 
the same. quantity, are divided by subtracting the index 
•f the divisor from that of the dividend. 

Thus, i{f -t'O 3 , or ~ = a ; a?+a$ 9 or, ^ = a ^ i 

'it. a 2 •§ 



S. SL ^BJte l a m 

•*•*-»*, or j^==a Ta ~; anda m -f a n , or — =a m -*. 
3b an ' 



(r) According to the rule here given for the signs, it follows that 
+ah t — ab r ~ab +fl6 

as will readily appear by multiplying the quotient by the divisor ; 
the signs of the products being then the same as would take pla?e 
in the former rule. 



DIVISION. IS 



CASE I. 

When the divisor and dividend are both simple 

quantities, 

RULE. 

Set the dividend over the divisor, in* the manner of a 
fraction, and reduce it to its simplest form, by cancelling 
the letters and figures that are common to each term. 

EXAMPLES. 

ea^ltf^qgHHy^ % and 12a * a -r 3x > or — r 





. _ a 

4ax ; a~a, or -w=ri ; and a-J- — a, or = — 1. 

4 a — a 

Also -2a-f-3a, or ^— ^ = - §■ ; and 9r*-H3x*=*Sx* 

3a 

1. Divide \6x* hy 8x, and 12a a ;r 3 by - 8a»x. 

2. Divide — 15ay 3 by 3ay, and — 18ax*y by — Sax. 

^^SPiPivide— 3 a^ by "ja*, and cur 3 by - ^ a*** • 

CASE II. 

When the divisor is a simple quantity, and the dividend*, 
7 ' compound one'. 



RULE* 

Divide each term of the dividend by the divisor, as in " 
the former case ; setting down such as will &6t divide ia 
the Amplest form they will admit of. 



j 



so division: 



i 
\ 



EXAMPLES < 



(ab+b>)+*b, or±*±- = i«+^-f±L 

(lOab - 16a*) * 6a, or 10fl6 - 15 ?f = 26 - 3*. 

5a 

(30ojc— 48x 3 )-7-6r,or s= 5a— 8jt- 

Qx 

1. Let 3* 3 +6.r*+3aJr— Ibx be divided by 3x. 

2. Let 3a6c+12a6r — 9a 2 6 be divided by 3ab. 

3. Let 40a363+60a a 6 3 — 17a6be divided by ~ab. 

4. Let \ba*bc — 12acx fl +5ad 2 be divided by — 5ac. 

5. Let 20ar+ 1 5ax 2 + 10ax+5a be divided by 5a . 



4' 



CASE III. 



* 



When the divisor and dividend are both compound ^ 

quantities. 



RULE. 

4 Set them down in the same manner as in division of • 
numbers, ranging the terms of each of them so, that the 
higher powers of one of the letters may stand before the 
lower. 

Then divide the first term of the dividend by the first 
term of the divisor, and set the result in the quotient,. ' 
with its proper sign, or simply by itself, if it be affirma- 
tive. 

This being done, multiply the whole divisor by the 
term thus found ; and, having subtracted the result from, 
the dividend, bring down as many terms to the remaind- 
er as are requisite fcr the next operation, which perform 
as before ; and so on, till the work is finished, as in com** 
mon arithmetic. 
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EXAMPLES. 



x+y)x* +2xy+y 2 (x+y 
x 2 -\-xy 

xy+y 2 
xy+y* 



«+a?)a 3 +5a» x+iax* +x*(a* +4a*+s» 
a*+a*x 



4a*x+&ax % 
4a 2 x+4ax* 



ax 2 +** 

ax 2 +x 3 



x— 3> 3 - 9* 9 +27x+27(ae 3 — 6x+9 
X* — Sac 9 



— 6x 2 +27s 
~6x 3 + 18:r 



9x— 27 
9x-27 



I 



« DIVISION. 

■ 



2x* — 3ax+a*)4x 4 - 9a*x* +6a*x —a 4 (2x* +3ax — a* 

4x 4 -6ax 3 +2a*x* 



6aa; 3 — 9a3a: a +3«3x 

— 2d*x 3 +3a»x— a 4 
— 2« f a?»4-3a 3 * a 4 



« 



Note 1. If the divisor be not exactly contained in the 
dividend, the quantity that remains after the division U 
finished, must be placed over the divisor, at the end of the 
quotient, in the form of a fraction : thus (/) 



a 3 +«*x 






a» B +s 3 



*Z 



(/0 la the case here given, the operation of division may be 
considered as terminated, when the highest power of the letter, 
in the first, or leading term of the remainder, by which the pro- 
cess is regulated, is less than the power of the first term of the 
divisor ; or when the first term of the divisor is not contained in 
the first term of the remainder j as the succeeding part of the 
quotient, after this, instead of being integral, as it ought to be, 
would necessarily become fractional*. 



} 
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*y 4 



x+y)x* +y* (x * — x* y+xyj^ — y 3 + , 

— * 3 y+y 4 



<* a y a +2/ 4 

* a y a +.ry 3 



— *y 3 +S/ 4 



2. The dirision of quantities may also be sometimes 
carried on, ad infinitum, like a decimal fraction ; in 
which case, a few of the leading terms of the quotient 
will generally be sufficient to indicate the rest, without 

its being necessary to continue the operation ; thus, 

f 

a ' a 2 a 3n a 4 

O+J? 



a 



a 

*3 



a* 

a* a» 
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And by a process similar to the above, it may be showi 
that 

a x x* . x 3 . x A x 5 

a— a* a a a o 3 a* o° 

Where the law, by which either of these series may be 
continued at pleasure, is obvious. 



EXAMPLES FOR PRACTICE. 

1. Let a 2 — 2a*+.r a be divided by a—x. 

2. Let * 3 -3a* a +3a a x-a 3 be divided by *— a. 

3. Let a 3 + 5a 2 x + 5ax 2 + * 3 be divided by a-f*r, 

4. Let 2y 3 — I9y a + 26y— 17 be divided by y-8. 

5. Let.r 5 + 1 be divided by x+l f and *• — 1 by 

6. Let 48x 3 — 76a* a —64a a .r+ 105a» be divided by 

2*— Sa • 

7. Let 4* 4 — 9* a +6:r - 3 be divided by 2* a +3* — 1. 

8. Let* 4 — a a x a +2a 3 x — a 4 be divided by x 2 —ax +a*. 

9. Let 6* 4 — 96 be divided by 3* — 6, and a*+x* by 

10. Let 32jc 5 +243 be divided by 2*+3, and *«—a« 
by * - a. 

11. Letfc 4 — 3y 4 be divided by 6— y t and a 4 +4a 3 6-f- 
36*bya+26. 

12. Let x 2 +px+q be divided by *+a, and x 3 — px 2 -f- 
9 * — r by * — . 

OF ALGEBRAIC FRACTIONS.. 

• 

Algebhaic fractions have the same names and rulea 
of operation as numeral fractions in common arithmetic ; 
and the methods of reducing them, in either of these 
branches, to their moat convenient form?, are as follows : 



ALGEBRAIC FRACTIONS. 4 * B 

• \ ■ \ 

i 

CASE I. 

To find the greatest common measure of the terms tf a 

fraction. 

RULE. 

1. Arrange the two quantities according to the wder 
of their powers, and divide that which is of the highest 
dimensions by the other, having first expunged any fac- 
tor, that may be contained in all the terms of the divisor, 
without being common to those of the dividend. 

2. Divide this divisor by the remainder, simplified, if 
necessary, as before ; and so on, for each successive re- 
mainder and its preceding divisor, till nothing remains, 
when the divisor last used will be the greatest common, 
measure required ; and if such a divisor cannot be found, 
the terms of the fraction have no common measure* 

> Note. If any of the divisors iu the course of the ope- 
ration, become negative, they may have their signs chang- 
ed, or'be taken affirmatively, without altering the truth of 
the result ; and if the first term of a divisor should' not be 
exactly contained in the first term of the dividend, the 
several terms of the latter may be multiplied by any 
number, or quantity, that will render the division com- 
plete, (g) 



\ - 
(?) In finding the greatest common measure of two qualities, 
either of them may be multiplied, or divided, by any quantity, 
Which is not a divisor of the o* her, or that contains no factor 
■which is common to them both, without in any respect changing 
the result. 

It may here, also, be farther added, that the com mo i measure, 
or divisor, of any number of quantities, msy be determined in a 
similar manner to that given above, by fi. st finding the common 
measure of two f ihem, and then of that common measure and 
ft third ; and so on to the last 

D 
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CASE II. 



" i 



To reduce fractions to their lowest or most simple ter$%». 



RULE. 



Divide the terms of the fraction by any number, or 
quantity, that will divide each of them without leaving a 
remainder ; or find their greatest common measure, as in 
the last rule, by which divide both the numerator and de- 
nominator, and it will give the fraction required. 



EXAMPLES. 

1. Reduce a _ and — — — to their lowest terms. 
5a a 6* ax+x* 

«t a*bc c . A , x* x . 

Here -— = —- Ans. And , — «= — . — Ans. 

ba* b « 56 ax+x* a+x 

2. It is Jpquired to reduce — -p — - to its lowest 

terms. 

Here cx+x z 1 a 2 c+a 2 x 
or c-{-x J a*c-\-a*x(a* 
a*6+a 2 x 



■i: 



Whence c-\-x is the greatest common measure ; 

and c+x) - = -— the fraction required. 

' o3c+o a of a» 
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X 3 ■" b X 

3. It is required to reduce ( —- to its lowest 

x 2 +2bs+b* 

terms. • , 

x*4Ktbx+b*)x*-b*x(x W 

x 2 +2bx 2 +b 2 x 

—2bx 2 —2b*x I 

or x+b J x 2 +2hx+b 2 (x+b 
x* +bx 



bx+b* 
'bx+b* 



Whence x + 5 is the greatest common measure ; and 

i i\ x*—b 2 x x 2 —bx A , r .. .j 

x+b) = . the fraction required. 

x 2 +2bx+b* x+b * 

And the same answer would have heen found, if a: 3 -* 
l&x had been made the divisor instead of x 2 +2bx+b 2 . 

x 4 — a 4 

4. It is required to reduce to its lowest 

^ a; 5 — a 2 x 2 . 

terms. 

e *l • -a* j 6a 2 +7ax— 3x 3 . , A ' 

5. rt is required to reduce toitslow- 

* . Ga 2 + llax+3x* 

est terms. 

6. It is required to reduce """ JIL to its lowest 
term. - 

„ ,. . . ,. , 9v s — x 3 /ij.i-l-1 

7. It is required to reduce ^ 

15a; 4 — -2a; 3 — 13x a — **+$ 
to its lowest terms. 

r 
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CASE III. 
To reduce a mix^quantity to an impryptr frm^pn* 

RULE. 

Multiply the integral part by the denominator of the 
fraction, and to the product add the numerator, when it is 
affirmative, or subtract it when negative ; then the re- 
sult, placed over the denominator, will give the improper 
fraction required. 

EXAMPLES 



1. Reduce 3) and a — — to improper fractions, 

c 

„ *• 3X6+2 16+2 17 . 

* Here 34= --=» _= — Ans. 

^ s 6 6 6 > 

'. b aXc-*-b ac+—b . 

Anda— -=■ = =- Ans. 

. I : c c c 

2. Reduce x +- and x — to improper frac* 

X x 

tions. 

a^xXx+a x*+a . 

Here ar+— = Ans. 

x x x 

A _ a*—r 2 a*— a a +rr a fcr» — a* . 
And a; — == - — =— = Anf« 

X X x 

2x " • * 

3. Let 1 he reduced, to an improper fraction- 

* , 

3fl?-^-0 

4. Let ba he reduced to an improper fraction 



Q X 

z>. jLet x — 
tion. 



6. Let x — - he reduced to an improper frac* 
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4»-Sk&%mm*£-~ be reduced to an improper frac- 




* y — * ■ 
tion. M ._.*-■ 

7. V 1 — ^— be reduced to an improper frac- 

a 

tion. 

8. Let 1 + 2ir— -^- be redaced to an improper frac- 

6a; 

tion. 

CASE IV. 

To reduce an improper fraction to a whole or mixed 

quantity. 

RULE. 

Divide (he numerator by the denominator, for the in- 
tegral part, and place the remainder, if any, over the 
denominator, for the fractional part ; then the two, join- x 
ed together, with the proper sign between them, will give 
the mixed quantity required. 

EXAMPLES. 

1. Reduce — - and to mixed quantities. 

ox * 



,27 
5 



Here ^- = 27-$-5*=6£, Ans. 



And = • (ax-\-a*) -r rc=a+ — Ans. 

x x 

ax~*T^ 

2* It is required to reduce the fraction to a 

x 

whole quantity. 

3. It is required to reduce the fraction — ^ — to a 

ab 

nixed quantity. 
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4. It is required to reduce the fraction — ' — to ft 

a— -op 
miied -quantity. A^ 

5. It is required to reduce the fraction ^^P^ to a 
whole quantity. 

6. It is required to reduce the fraction — — — - 

bx 

to a mixed quantity. 

CASE V. 

To reduce fractions to other equivalent ones, that shall have 

a common denominator. 

RULE. 

Multiply each of the numerators, separately, into all 
the denominators, except its own, for the n^w numera- 
tors, and all the denominators together for a common de- 
nominator (A). 

EXAMPLES. 

1. Reduce - and- to fractions that shall have a com- 
6 c 

mon denominator. 

Here aXc=nc ) ., 

bxb*=b 2 * new DXimera tors. 



bXc=bc the common denominator. 



m 

fhj It may here be remarked, that if tiie. numerator and de- - 
nominator of a fraction be either both muItipWd, or both divided, 
by the -am* number, or quantity, its value will not be altered: thus . 

2 2X? 6 ,3 3-f-3 1 a ac , ab a 
1 = * r=»~,and — = =-: or— =_. and — =_ 

3 :>X>\9 li- 12-T-3 4 b be be c 
which method is often of great use in reducing fractions more rea- 
dily to a common denominator. 
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Whence, - and - = — and —, the fractions re* 

c be be 

2x b 

ce — and — to equivalent fractions haying a 
a c 

common denominator. 

3. Reduce -- and — 1- to equivalent fractions having 

6 c 

a common denominator. # 

3x l 2b v 

4. Reduce — , r ~ , and d, to equivalent fractions hav- 

ing a common denominator. m 

3 2x Ax fH 
6. Reduce — , — and a -\ , to fractions having a ^ 

4 3 6 

common denominator. 

6. Reduce — , --, and -^L to fractions having a cott> 
2 7 a— a; \ 

mou denominator* 



CASE VI. 



To add fractional quantities together. 

RULE. 

Reduce the fractions, if necessary, to a common deno- 
minator ; theto add all the numerators together, and under 
their sum put the common denominator, and it will give 
the sum of the fractions required (i). 



(0 Tn the adding or subtracting of mixed quantities, it is bent to 
bring the fractional parts only to a common de"ODii><..tor, and then 
to affix their sum or difference to the sum or diifetttKA **& ^^ 
integral parts, interposing the proper »\£0> 
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EXAMPLES. 



X 99 

1. It is required to find the sum of -and -. 




Here *X2=2s l the nuraerator8 - 



And 2X3=6 the common denominator. 

^ Whence ~- + -r-= — , the sum required. 
^^ 6 6 6 

^^r fl C B 

■ 2. It is required to find the sum of -, -, and —. 

b a J 

HeTeaXdXf=adf) 

cXbXf=cbf \ 

eXbXd=ebu) 



the numerators. 



__ __ j 

And bXdXf=bdf the common denominator. 

Whence j£ + % + % - «^+^ the sum. 
bdf bdf bdf bdf 

Sx* 

3. It is required to find the sum of a t- and b 

o 

ftax 

— . Here, taking only the fractional parts, 

We .ball have | *£ J«= J^ J the numerator.. 

And 6Xc=6c the common denominator! 

w , Srx a . , . 2abx , . , 2abx-3cx* A . 

Whence a — -—-+6H — — =a+6+ , t 

6c be be 

fum. 

4. It is required to find the sum of and — 

5 7 

5. It is required to find the sum of-- and - 
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6. It ifl required to find the sum of ., -, and - 

^ 2 3 4 

4x ol - 2 

7. It is required to find the sum of - and — - — 

7 6 

2x Bx 

8. Required the sum of 2a, 3a + _ and a 

5* 9 

9. Required the sum of 2a-f"- » and 

5 a— x a 



x — 2 2x — 3^p 

10. Required the sum of 6x+ •*-■• and 4x — — ~7^ 

3 5a; 

2a 

11. It is required to find the sum of ox, ---, and 

3x a j 

4x 

CASE VII. 

To subtract one fractional quantity from another. 
•* 

. BULE. 

Reduce the fractions to a common denominator, if ne- 
cessary, as in addition ; then subtract tiie less numerator 
from the greater, and under the difference write the com- 
mon denominator, and it will give the difference of the 
^tractions required. 

£.- \ EXAMPLES. 

■■■> 1. His required to 6nd the difference of — and -^. 

Bw^ffj the numerators. 
w «3xX3=9x ) 






s And 3X5= lb the common denominator. 

Whence ■— - *- — = — , the difference required, 
16 16 16 * 

I 
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*~rt 



2. It is required to find the difference of and 

2a — \x 



3c 



it „ 0* — a)X3c=3cr — 3ac i ., 

I,fcre ( >a-4*, X*>=4«/6-86* 5 thc *»«»■*«■ 



^Jhence 



And 26X3c=o6c the common denominator. 
3cx — Sac 4ab — 86a; .Sex — 3ac — 4u6 -f- Bbx 



(the kibe 

the difference required. 



66c 



12a; 3a; 

3. Required the difference of and — 

7 6- 

4. Required the difference of 15y and — — — 

5. Required the difference of ax and ax 



6 — c 6-fc 

6. Required the difference of x — ~ and s-f--- 

c 26 

7. Required the difference of a + ^"^ and x* — — 



a+x 



8. Required the difference of ax + 



2x+ 7 



and op -j 



5a? — 6. 
21. 



9. Required the difference of 2x+ - — , and Sx+J 

7 



lls-10 



10. Required the difference of a + — ""* 



a+a; 
a(a— x) 



*(a+x) 



■ -«- • 




**-* 



/ 
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(USE VIII. 




/ 



To multiply fractional quantities together^ 

■ 

RULE. 

Multiply the numerators together for a new numera- 
tor, and the denominators for a new denominator ; and 
the former of these, being placed over the latter, wnl 
give the product of the fractions, as required (&). 

EXAMPLES. 

x 2x 
1. It is required to find the product of - and — , 

Here = — =?!_ the product required. 

6X9 64 27 

( G} . It is required to find the continued product of 

x 4n/ _ 10a: 
— , — , and — . 
2* 6 21 

„ xX4a-Xl0a; 40*3 4x* A . , x 

Here = = — the product. 

2X5X21 210 21 r 

3. It is required to find the product of- and — — 

a a—x 

a: X (a+x) x* +ax ., , . 

Here — ; -(= the product. 

flX(a-«) a 2 -ax 



(i) When the numerator of one of tbe\ fractions to be multipli- 
ed, and the denominator of the other, can be divided by some 
quantity which is common to each of them, the quotients may be 
wed instead of the fractions themselves.* 

Also, when a fraction is to be multiplied by an integer, it is 
the same thing whether the numerator be multiplied by it, or the 
denominator divided by it. Or if an integer is to be multiplied 
by a fraction, or a fraction by an integer, the integer may be con- 
sidered as having unity for its denominator and th& Vw*VxO&*». 
multiplied'togetner as usual* 

E 
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' Sx Sxr 

4. It is required to find the product of _ and _ 

5. It is required to find the product of — and -— 

r 5 2a 

6. It is required to find the continued product of — 

4*« i. a 

•, and 



7. It is required to find the continued product of 

Zx Sab , bac 

hx 

8. It is required to find the product of 2a+_ and 

a 

Sa-± 
ax 

9. It is required to find the continued product Jb, 
*-|-l a?— 1 

-fcT> and a+b 

lo. It is required to find the continued product of 

a a x i a 3 — b % , . ax 

■, and o+- 



a+b • ax+x* a— x 

* 

CASE IX. 
To divide one fractional quantity by another. 

JIULE. 

Multiply the denominator of the divisor by the nume- 
rator of the dividend, for the numerator ; and the nume- 
rator of the divisor by the denominator of the dividend, 
for the denominator. Or, which is more convenient in 
jnractice, multiply the dividend by the reciprocal of 
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the divisor, and the product will be the quotient re- 
quired. (/) 



EXAMPLES. 



1. It is required to divide iL by ^ 
Here^^=iLxl=^=i-=U Am. 

2. It is required to divide — b r — 

b J d 

u A « A 2a., ^ ^arf ad ~. 

HeFe ^ ^^^^"^ AM - 

3. It is required to divide ^tf by ^ h 

a:— .6 6a?+a 

, Here*+f X ^=^i±f±r AnS . 
< a:— 6 rr+6 x 2 - 6 2 

4. It is required to divide ■ by X ■■ 

a 3 +*» J *+a 

liere -** yg±g- 2 * a (*+«) - fc 

-a 3 +x* x x(a*+x*) *•-. oa-fa* 

7# 3 

5. It is required to divide — by — 

5 x 

Ax 2 

6. It is required to divide — - by bx 



(/) When a fraction is to be divided by an integer, it is the same 
thing whether the numerator be divided by it, or the denomina- 
tor multiplied by it 

Also, when the two numerators, or the two denominators, can 
be divided by some common quantity, that quantity may be 
thrown out of each, and the quotients used instead of the frac- 
tions first proposed. 



X 
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7. It is required to divide ^11- by — 

6 3 

8. It is required to divide by — 

1— x 6 

9. It is required to divide 2ax + x l by 

C*-X* €— * 

. 10. It is required to divide — X -^- by -—. 



INVOLUTION. 

r 

Involution is the raising of powers from any proposed 
root ; or the method of finding the square, cube, biquad- 
rate, &c. of anygiven quantity. 



RULE I. 

> 

Multiply the index of the quantity by the index of the 
power to which it is to be raised, and the result will be 
the power required. 

Or multiply the quantity into itself as many times less 
•ne as is denoted by the index of the power, and the last 
product will be the answer. 

Note. When the sign of the root is +, all the powers 
of it will be + ; and when the sign is — , all the even pow- 
ers will be +, and the odd powers — : as is evident 
from multiplication (m). 



(fit) Any power of the product of two or more quantities is, 
equal to the same power of each of the factors multiplied together. 
And any power of a fraction is equal to the same power of the 
numerator divided by the like power of the denominator. 

Also, a» raised to the nth power is a m » ; uid — a raised to the 
nth power is ■±.a mn i according as n is an even or an odd number. 
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EXAMPLES. 



a, the root. 
a 2 =square. 
o 3 =cnt>e. 
a* =4th power. 
a*=5thpower. 
&c. 



—3a the root. 
-j-9a a =square. 
— 27a 3 =cube. 
+81a 4 =4th power. 



the root. 



a 
* 3 



i 



a a 



=*square 



— =cube. 
a 3 

x 4 

— ==4th power. 

a &c. 



x — a the root, 
a — a 



x 8 — «a? 
— ax-Jr* 2 

x 2 — 2ax+a a square, 
a; 



a* the root. 
a 4 ==square. 
a f =cube. 
a»=4th power. 
a 10 =5thp©wer. 
&c. 



— 2ax a the root. 

+4a 3 x 4 =square. 

— 8a 3 s«=cube 

+ 16a 4 a? 8 =4th power. 



2ax 2 , 
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the root 



. 4a 3 a? 4 
+ . =8quare. 

\ 96 a * 

— =cube. 

2763 

-f ™,7 =4th power. 



816* 



&c. 



x 3 — 2ax* +**x 
—ax 2 +2a*x — a 3 

x 3 — -8a* a +3a a a;— a 3 cahe. 



x+a the root. 

s-j-a 

x*+dx 
-^-ax+a* 



* a +2ax+<* 3 square. 
x-\-a 



x*+2ax*+a*x .. 
+a*j+2a s ar+a 3 

ar 3 +3«* a -V3a 2 tt J c^ ^&a.« 
E* 



■1 
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EXAMPLES FOR PRACTICE. 



1. Required the cube or third power, of 2a* . 

2. Required the biquadrate, or 4th power, of %u*x. 

2 

3. Required the cube, or third power, ofL— x*y* 

4. Required the biquadrate, or 4th power of . 

&. Required the 4th power of a+x ; and the 5th pow- 
er of o— y. 

RULE II. 

A binomial or residual quantity may also be readily rais- 
ed to any power whatever, as follows : 

1. Find the terms without the coefficients, by obserr- 
ing that thft."fndex of the first, or leading quantity, be- 
gins with that of the given power, and decreases conti- 
nually by 1 , in every term to the last ; and that in the 
following quantity, the indices of the terms are 1, 2, 3, 
4, &c. 

2. To find the coefficients, observe that those of the 
first and last terms are always 1 ; and that the coefficient 
of the second term is the index of the power of the first i 
and for the rest, if the coefficient of any term be multi- 
plied by the index of the leading quantity in it, and the 
product be divided by the number of terms to that place, it 
will give the coefficient of the term next following. 

Note. The whole number of terms will be one more 
than the index of the given power ; and when both terms 
of the root are +, all the terms of the power will be -f- • 
but if the second term be — , all the odd terms will be -f-, 
and the even terms — ; or, which is the same thing, the 
terms will be + and - alternately (n). 



(n) The rule here given, which is the same in the case of integral 



i 
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EXAMPLES. 



1. Leta+abe involved, or raised to the 6th power. 

Here the terms, without the coefficients are 

a 5 , a*rr, a 3 x 2 9 a 2 x 3 , ox 4 , a; 5 - 
And the coefficients, according to the rule, will be 

6X4 10X3 10+2 6X1 

• '~* 3 ,— T"* r 5 

or 1, 5, 10, 10, 6, *1. 

Whence the entire ith power of a+x is 

a«+5a 4 a;+10a 3 x a + 10a*a; 3 +5aa: 4 +a; 5 

2. Let a—a? be involved, or raised, to the 6th power. 
Here the terms, without their coefficients, are 

a 6 , a 5 x, a*sc a , a 3 sc 3 , a 2 x*, ax 5 9 x 8 . 

And the coefficients, found as before, are 

6X5 15X4 20X3 15X2 6X1 
i he, — , - — , — — , — g— , — -; . 

or 1,6, 15, 20. 16, 6, 1. 

Whence the entire 6th power of «■— x is 

a 6 — 6a 5 x+16a«x' — 20a 3 x 3 +15o a x*^-6ax 5 +x 6 

powers as the binominal theorem of Newton, may be expressed 
in general term», as follows : 

m—1 «i— 1 wi—2 

f»+ 6) m =i a m >fff!a m 'i0+m. — — 0^*0* 4-m.— — . — - a»». 3 £ 3 f & c 

.. . *»— 1 ... «n— 1 ot— 2 

which form ul x will, also, equally hold when m is a fraction, as 
will be more f illy explained hereafter. 

It may, also, be farther observed, that the sum of the coefficients 
in every power, is» equal to the number 2 raised to that power, 
Tbus 1 + 1 — 2, for th$ first power; 1+2+1 = 4 —2 2 , for the 
square ; l+S+o+l 08 ^"^ 3 , f° p the cube, or third power ; and 
soon. 
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3. Required the 4th power of a+x, and the 5th 
power of a—x. 

4. Required the 6th power of a-\-x> and the 7th power 
ofa— y. 

5. Required the 5th power of 2+x, and die cube of 

(!•— OX-|-C. 

EVOLUTION. 

Evolution, or the extraction of roots, is the reverse 
of involution, or the raising powers ; being the method 
of finding the square root, cube root, &c. of any given 
quantity. 

CASE I. 

To find any root of a rimple quantity* 

RULE. } 

Extract the root of the coefficient for the numeral 
part, and the root of the quantity subjoined to it for the 
literal part ; then these, joined together, will be the root 
* required. 

And if the quantity proposed be a fraction, its root 
will be found, by taking the root both of its numerator 
and denominator. 

Note, The square root* the fourth root, or any other 
even root, of an affirmative quantity, may be either + or 
— . Thus, y/a* ss + a or— a, and j(/6 4 = + b or — 6» &c. 
But the cube root, or any other odd root, of a quantity, 
will have the same sign as the quantity itself. Thus, 

$/a 3 =sa ; ^/— a 3 =— a; and «/— a««s— a, &c.(o) 



(o) The reason why + a and — a are each the square root of a* 
is obvious, since, by the rule of multiplication, (+a)X(+<*) and 
(— a)X(— a) are both equal to of. 
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It may here, also, be farther remarked, that any even 
root of a negative quantity, is unassignable. 

Thus, v /— a 2 cannot be determined, as there is no 
quantity, either positive or negative, (+ or — ), that, 
when multiplied by itself, will produce — a a . 



EXAMPLES. 

1. Find the square root of 9x 2 ; and the cube root of 
ita 3 . 

Here y/9x* =^/9 X y/x 2 =3 Xa;=3a;* Ans. 

And ?/8a: 3 == 8 /8X- v /tf 3 =2Xa;=22:. Ans. 

a 2 x 2 

2. It is required 'to find the square "root of—- ana * 

8a 3 x 3 

the cube root of . 

27c 3 

8a*x 3 2crx 



rl ^a 2 x 2 +/a 2 x 2 ax . m 
Hfere y/— --=¥_ — B--1; and %/ - 

v 4c 2 y/4c 2 2c v 27c 3 3c 

3. It is required to find the square root of 4a 2 a? 6 . 

4. It is required to find the cube root of— 125a 3 x e . 

5. It is required to find the 4th root of 256a 4 a; 8 . 

4a 4 

6. It is required to find the square root of 

yx y 

Ba 3 

7. It is required to find the cube root of 



8. It is required to find the 5th root of — 



125x 6 
32a 5 a? 1 » 



243 



And for the cube root, fifth root, &c. of a negative quantity, it is 
platn. from the same rule, that 

(— «0X(-«)X(-"0— « s » »nd (-« 3 )x(4-a3)«- tt « % 
And consequently ^-a 3 as— a, and fy —a* =— a 
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CASE II. 

To extract the square root of a compound quantity. 



BULK. 

1. Range the term*, of which the quantity is compos- 
ed, according to the dimensions of some letter in them, 
beginning with the highest, and set the root of the first 
term in the quotient. 

2. Subtract the square of the root, thus found from 
the first term, and bring down the two next terms to the 
remainder for a dividend. 

3. Divide the dividend, thus found, by double that part 
of the root already determined, and set the result both in 
the quotient and divisor. 

4. Multiply the divisor, so increased, by the term of 
the root last placed in the quotient, and subtract the pro- 
duct from the dividend ; and so on, as in common arith* 
metic. 



EXAMPLES. 

1. Extract the square root of x 4 — 4a? 3 +6s a — 4#<-{-lj 
a 4 — 4a? 3 +6« a — 4s-H(x a — 2x+l 
x* 



2x a -.2a?)-4x 3 +«x« 
-4s*+4*« 



2** -4*+ l)fc* 8 — 4*+l 
%c*-4x+l 



Ans x 2 — 2ar+l, the root required. 
2 Extract the square root of 4a* + 12a 3 x+13a*^ + 
6ax 3 +x*. 



EVOLUTION, 4*7 

4a* +12a*x+ 13a* x* +6as*-f x* (2a* +3ctx+x* 
4a«. 

4a* -|-3ax)12a 3 x+13a*x* 
l£a»*+9a*x* 



4a* +6ax+x*)4a*x 2 +Sax*+x* 

4a*x 2 +6ax*+x* 



Note. When the quantity to he extracted has no exact 
root, the operation may he carried on as far as is thought 
necessary, or till the regularity of the terms shows the law 
by which the series would be continued. 



EXAMPLE. 



1. It is required to extract the square root of 1 + x. 

« i /« i * x* t x 3 bx* . 
l+*(l+g- T + ir - Ii 3&c. 



1 



*+a 






X*\ X 2 






« i * 8 . * 3 v* 3 * 4 

*+— T+iOr-a. 



x 3 a; 4 x* x a 

5x* x* x % 
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Here, if the numerators and denominators of the tw« 
last terms be each multiplied by 3, which will not alter 
their values, the root will become 

, . x x* . 3x 3 3.5x 4 , 3.5.7** m 

1-L___ — -I- -L. ^ 

2 , 2.4 2.4.6 2.4.6.8 2.4.6.8 10 
where the law of the series is manifest. 



EXAMPLES FOR PRACTICE. 

2. It is required to find the square root of o* +4a*x + 
6a3x a +4a* 3 +:r 4 

3. It is required to find the square root of x* — 2x 3 + 

4. It is required to find the square root of 4x c — 4x 4 + 
13**— 6x+9 

6. Required the square root of a 8 + 4x s + 10x 4 +20x 3 + 
25x a + 24<r+16. 

6. It is required to extract the square root of a a +&« 

7. It is required to extract the square root of 2 , or of 
1+1. 

CASE III. 

To find any root of a compound quantity. 

RULE. 

Find the root of the first term, which place in the 
quotient ; and having subtracted its corresponding power 
from that term, bring down the second term for a divi- 
dend. ^ 

Divide this by twice the part of the root above deter* 
mined, for the square root ; by three times the square of 
it. for the cube root, and to on ; and the quotient will be 
the next term of the root 

Involve the whole of the root, thus found, to its pro- 
ber power, which subtract from the given quantity, and 
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j 

divide the firtt tertn of tbe remainder by the iattfe divisor 
as before ; and proceed in this manner till the whole is 
finished, (p) 



MAMPXES/ 



1. Required the square root ef «*— 2a 3 *+3a*x» — 2ax' 

a* — 2a 3 ff-f*3a*af^— 2a* 3 +s 4 (<* a — «*+** 
a* 



«a»)-2a 3 * 



•« — 2a 3 .r+a*x* 



2a*)2rt*x* 



dtaMteMiM^M*HMi»MM**aMMfcfe*-«*w*a 






(p) < As this rule, ifi high powers, is often found to be very labo- 
rious, it may be proper to <>bserve il thafttbe ; roots 4jf Tarkmseom- 
pound Quantities may *ometHnes Ik easily discovered; as follows: 

Extract the roots of all the simple terms, and connect them 
together by the signs -f*or — , as may be* judged most suitable 
for the purpose ; then involve the compound root, thus. found, to 
its proper power, and if it be the same with the gift* quantity, 
it is the root required But if it be found to differ onto in some 
of the tignsfe change them <froar +» to — •, or>fr*m ±» to ^H tlU 't* 
power agrees with the given oaethroughoufci 

Thus f in the third example neaUJ&Uowtngk the root is 2«f~3*v 
which is the difference of the roots of the first and last terms : 
and in the fourth example* the root is a+i+ c , which is the sum 
of the root^ of the first, fourth, and sixth tAtttai: tta *vssfeTa«\ 
lso be observed of the sixth ex&mpte, \Amk* \^r tw^V^^w 
from the tint and last terms. 

P 



» EVOLUTION. 

2. Required the cube root of *• + 6*« -4Q*'-f9&c< 
64. 

*•+««« -40«3+96*-64(»»+2»— 4 



3x*)6x l 



x*+6x* + \2x*+8x* 

3x*)-12x* 
apa+6x 5 — 40*»+96a;— 64 



3. Required the square root of 4a* — Wax+9x*. 

4. Required the square root of a«4-2a&+2oc+o*+ 
2bc+c*. 

5. Required the cube root of x* —6x*+lte*—20x*+ 

6. Required the 4th root of 16a 4 — 96a s x+216a a x*- 
216aa: 3 +81x*. 

7. Required the 6th root of 32a« — 80s 4 + 80s 3 - 40** 
+ 10S-1. 



Of IRRATIONAL QUANTITIES, 

or SURDS. 



Irrational quantities, or surds, are such .as haye no 
exact root, being usually expressed by mean* of the radi- 
cal sign, or by fractional indices ; in which latter ca^e, the 
numerator shows the power the quantity is to be raised to, 
and the denominator its root. 
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Thus, y/Zy or 2*, denotes the square root of 2 ; and 
%/a* % or a% is the square of the cube root of a, &c. (q) 

CASE L 

To reduce a rationed quantity to the form of a surd. 

v 

RULE. 

Raise the quantity to a power corresponding with that 
■- denoted by the index of the surd ; and oyer this new 
quantity place the radical sign, or proper index, and it 
will be or the form required. 

EXAMPLES. 

1. Let 3 be reduced to the form of the square root. 
Here 3X3=3 a =9 ; whence y/9 Ans. 
< 2. Reduce 2x 2 to the form of the cube root. ± 

Here (2x*)*—tx* ; whence ^/8x 6 , or (8ac«) 3 Ans. 

3. Let 5 be reduced to the form of the square root. 

4. Let — 3x be reduced to the form of the cube root. 

5. Let —2a be reduced to the form of the fourth root. 

6. Let a 2 be reduced to the form of the fifth root, and 

<i/*+*/&i ^— and •-— - to the form of the square root. 
v ^ 2a b^/a ^ 

Note. Any rational quantity may be reduced by the 
above rule, to the form of the surd to which it is joined, 
and their product be then placed under the same index, 
or radical sign. 



(7) A quantity of the kind here mentioned, as. for instance V 2, 
is call*;** an irrational number, or a surd, because no number, ei- 
ther whole or fractional, can be found, which when multiplied by 
itself, will produce 2. But its approximate value may be deter- 
mined to any degree of exactness, by the common rule for ex- 
tracting the square root, being 1 Mid cj«\a\^tw^\««v*^ *rs£v- 
mals, which never terminate. 



1 

1 
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EXAMPLES. 



Thus 2^/2=^^/4 X^—y^ X 2=y8 
And 2*/4=fr/8Xy4«fr/ 8X4 =y32 

Also 3^o=^X v/oa ^9 X a= v/9a 

And ii/4a=Vi*V^=t4^ a ^i / 1 - 

1. Let 5^/6 be reduced to a simple radical form. 

2. Let jV^a be reduced to a simple radical form. 

&a 9 

3. Let — 3/- — be reduced to a simple radical form. 

3 ^ 4a* 

i 

CASE II. 

To reduce quantities of different indices, to others Hurt 

shall have a given index, 

RULE. 

Divide the indices of tbe proposed quantities fey the 
given index, and the quotients will be tbe new indices for 
those quantities. 

Then, over tbe said quantities, with their new indices, 
place the given 'index, and they will be the equivalent 
quantities required. 

EXAMNtES. 

1. Reduce d*«dj£3' to quantities that -shall i)*ve the 
index £. 

Here I^=lx*=|-*3, the 1st index ; 

And - -5-1=1 X -=4=2, the 2d-index. 
3 6 3 13 

Whence (3*)*anA («•)*, or 27* and 4* r are the quan- 
tities required. 

2. Reduce 5* and 6* to quantities that shall have the 
common index ~. 
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3. Reduce 2* and 4* to quantities that shall have the 
common index - 

a- ,' 

4. Reduce a* and a* to quantities that shall hare the 
common index — 

5. Reduce a 2 and b to quantities that shall have the 
common index - . 

Note, Surds may also he brought to a common index, 
by reducing the indices of the quantities to a common 
denominator, and then involving each of them to the 
power denoted by its numerator. 



EXAMPLES. 
( 

1. Reduce 3* and 43 to quantities having a common 
index. 

Here sisss's^oi?^ 
And 4*=4*=^=Ig\* 
Whence TJp and igf. Ans. 

2. Reduce 4? and 5* to quantities that shall have a 
common index. 

3. Reduce a* and a* to quantities that shall have a 
common index. . 

4. Reduce a* and b* to quantities that shall have a 

common index. 

x _x 

5. Reduce a n and b m to quantities that shall have a 

common index. 
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CASE HI. 

To rtima turd* to their mott timpktftmu. 

§ 

Resolve the given number, or quantity, into iwochc- 
tors, one of which shall be the greatest power contained 
in it, and set the root of this power before the remaining 
part, with the proper radical sign between them, (r) 

EJCAMFLB3. 

1. Let v/4« be reduced to its most simple form. 

Here y/AZ^^WxZ^it/S Ans. 

2. Let %/ 108 be reduce d to its most simple form. 

Here %/ 1 08 *=^/27X 4=3^/4 Ans. 

Note 1. When any number, or quantity, is prefixed to 
the surd, that quantity must be multiplied by the root of 
the factor above mentioned, and the product be thea join- 
ed to the other part, as before. 

EXAMPLES. 

1. Let 2^32 be reduced to its most simple form. 

Here 2^/32=2^16 X2«8^/2 Ans 

2. Let 5 %/24 be reduced to its most simple form. 

Here 53/24=6 J/8X3?=10V3 Ans. 

Note 2. A fractional -surd may also be reduced to a 
more convenient form, by multiplying both the numera- 
tor and denominator by such a number, or quantity, » 
will make the denominator a complete power of the kind 



(r) When the given surd contains no factor that is an exact 
power of the kind required, it is already in its roost simple furm. 

Thus, v 15 cannot be reduced lower, because neither of its 
"factors, 5, nor 3, is a square. 
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required ; aod'then joining its root, with 1 put over it, as 
a numerator, to the Other part of the surd. (#) 



EXAMPLES. 



2 
l."Let */- be reduced to its; most simple form. 

Here^ = y^ N /(i 5 X14)=^14 Ads. 

2. Let 3^/- be reduced to its most simple form. 
HenSvl'^i^-S^J^XW^J^ao AW. 



ttKAMPUES TOR PRACTICE. 

3. Let ^/lSS be reduced to its most simple form. 

4. Let -v/294 be reduced to its most simple form. 
9. X>et %/b6 be reduced to its moet simple form. 
6 Let \/ 1 92 be reduced to its most simple form. 

7. Let 7^/80 be reduced to its most simfle form. 

8. Let 9 fy 8 1 be reduced toite most simple form. 

3 5 

9. Let— -v £ be reduced to its most-simple form. 



(») The utility ofreducinjr. surds to their most simple forms, 
m Oi'der to have the answer in decimals, Vill be readily perceiv- 
ed from considering 1 the first question above givrn, where it is* 
found i hat v^^H"*/*'* » m w hu-h case it is only nectssury to 
extract the square root of ib? whole number 14, (or lo find it in 
some of the tables that hare seen calculated tor thin piu pose) 
and then divide it by 7 \; wher'ss, otherwise, we must have first 
divided the numerator hy the denominator, and then ha* e found the 
rout of the quotient, for the surd part .; or else have determined the 
root both of the numerator ana denominator, and then divided 
the one by the other ; which are each of tt«eni troublesome pro- 
cesses when performed by the common rules ; and in ih< neat 
example, for tne cube root, the labour wowvd Wtokj&. :sgw»fcs«» 
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4 3 
10. Let - 1/ — be reduced to iti most simple form. 

7 V 16 r 

1 1 Let v/98a 3 x be reduced to its most simple form. 
12. Let y/x 9 — u*x* be reduced to its most simple form 

CASE IV. 
To add surd quantities together* 

RULE. 

When the surds are of the same kind, reduce them to 
their simplest forms, as in the last case ; then, if the surd 
part be the same in them all, annex it to the sum of the 
rational parts, and it will give the whole sum required. 

But if the quantities have different indices, or the surd 
part he not the same in each of them, they can only be 
added together by the signs + and — • 

examples. % 

1. It is required to find the sum of ^/27 and ^/48. 

Here <V /27= <V /9X8_ =3^3 
And ^48=^16 X~3=4 t /3 

Whence 7^/3 the sum 

2. It is required to find the sum of ^/500 and ^/108. 

Here ^^00=^/ 125X4 =6^4 
And ^108=V 27X4=3^/4 

Whence 8^/4 the sum. 

3. It is required to find the sum of 4^/147 and 
3^75. 

Here 4^/147=4^/49X3=28^3 
And 3y/ 75=3^25X3=15^3 

Whence 43^3 the sum. 
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4. it fe reqttired-to'fiod tb« sqtt of "3^-. add *</ -- 
/Herea^2.v«9^|2»I ^fo 

1 TO 2 \ 

v IO ^100 \QT \ 



Whence — ^10 the sum 



EXAMPLES FOR PRACTICE. 



t is required to find the sum of ^/72 andv' 12 **' 

6. It is required to-find the sum of ^/180 and ^405. 

7. It inquired to fled the «utn of * %/ 40 and ^/135. 

8. It is required to find the sum of 42/54 and 

51/1*8* 

9. It ii required to find the su*m of 9«/?43 and 
■10vf363. 

2 27 

10. It is required to find the sum of 3*/- arid 7^— 

* ' v 3 v 60 

11. It is required to find the sum of 1 2*/- and 3^— 

4 

12. It is required to find the sum of \ ^/d'b and 
-*/4bx*. 



^lS CASE ^V. 



TojSnd tA« difference of turdquantitiee. 

RULE. 

When the <s«rds are noMfee same kind, prepare the 
quantities as in the last rule ; then the difference of the 
rational parts annexed to the common surd, will give the 
whole difference required. 

But if the quantities have fiffeteut\s^cw % ^^^^^^^ 
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part be not the same in each of them, they can only be 

subtracted by meant of the sign — . 

1. It is required to find the difference of ^448 aad 
v/112. 

Here ^448=^/ 64 X 7 =8y/7 

And ^112=^/18X7=4^/7 

Whence 4^/7. the difference. 

2. It is required to find the difference of \/ldlni 
S/24. 



Here 3/192=^/64 X3=4»/3 % 

And $/24 =?/8X3 =2?/3 ** 

Whence 2 ?/3 the difWfence. 

3. It is required to find the difference of 6^20 vi 
3^/45. 

Here 5 v /20=5 v ^ 4X6= l(y6 s 

" And 3 <V /46=3 V ^9X6= 9*/5 

Whence V 6 ^ e difference. 

3 2 

4. It is required to find the difference of — v — , an* 

2 1 

Here - v4=-\/4*4i/ 6«4v« 
4 V 3 4 V 9 12 v 4 V 

. _ 2 1 2 6 2 I 

5 V 6 6 V 36 3Q V 15^ 



80 
or answer required. 



™». 11 

Whence x - ^ 6 the difference, 



IRRATIONAL QUANTITIES, or SURDS 59 



EXAMPLES FOR PRACTICE* 

J . It is required to find the difference of 2^/50 and 

2. It is required to find the difference of 2/320 and 
V 40 - 

3. It is required to find the difference of ^/— and */- 

5 9 

4. It is required to find the difference of 1<J\ and y/8. 
5* • It is required to find the difference of 3 %/\ and ^/72. 

2 9 

6. It is required to find the difference of £/- and i/-rr 

7. It is required to find the difference of ^/B0a A x and 
y/20a*x*. 

8. H is required to find the difference of S^/a 3 b and 

4 

CASE VI. 
To multiply turd quantities together.' 

RULE. 

When the surds are of the same kind, find the pro* 
duct of the rational parts, and the product of the surds, 
and the two joined together, with their common radical 
sign between them, will give the whole product requir- 
ed ; which may be reduced to its most simple form by 
Case in. 

. But if the surds are of different kinds, they must be 
reduced to a common index, and then multiplied toge- 
ther as usual. 

It is also to be observed, as before mentioned, that the 
product of different powers, or roots, of the same ojiaor 
trty, is found by adding their indices. 
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EXAMPLES. 



1. It is required to find the product of 3 %f8 mod 2^/6. 
Here 3^8 

Multiplied 2^6 



Gires 6^48=6^16X3=24^/3 An*. 

2. It is required' to find the product °f 5 V* an&jV-z 

Here -?/- 

2 V 3 

Multiplied -*/- 

Gives |^=-l/-V--^I5. 
8 V 18 8 V 9 8 V 27 ™*o> 

3. It is required to find the product if 2* and 3*. 

Here **=2*= (2»)*=8* 
And 3*=3*=»(3*)*=9* 

Whence (72) J Ans. 

4. It is required to find the.product of b^/a and 3(/* 

Here 5^/a=6a*=Aa* 
And 3^/a=3o*=3o* 

Whence 16a *=15(a«) * or 15$/a« Ads. 



EXAMPLES FOA PRACTICE. 



5. It is required to find the product of by/S and 3 4/ 6, 
£, Jt is required to find the product of fy 18 and 6 #4. 
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7. Required the product of j^/S and— ^9. 

1 

8. Required the product of-y/18 and 5^/20. 

9. Required the product of 2^/3 and 13| <t£$» 

10. Required the product of 72 Ja* and 120|a* 

11. Required the product of 4+2^2 and 2—^/2. 
i 2. Required the product of (a+b) *ind (a + b) m 

CASE VII. 

To divide one surd quantity by another. 

RULE. 

When the surds are of the same kind, find the quo- 
tient /of the rational parts, and the quotient of the surds, 
and the two joined together, with tpeir common rodfcll 
sign between them, will give the whole quotient required. 

But if the surds are of different kinds, thej must be 
reduced to a common index, and then be divided as be- 
fore. 

It is also to be observed, that the quotient of different 
powers or roots of the same quantity* k found by sub* 
tracting their indices. 

EXAMPLES. 

1. It is required to divide VI 08 by t^/S. 
Here-|l— . 5=4(v/ i8==4v'9X2=12 (V /2 An8 , y 

2. It is required to divide 8^/612 by 4 */2. 

Here -^^-==2^256=2^64X4=8 3/4 Ans. 

1 1 

.3. It is required to divide -^5 by -</*• 
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'r 

x, i\/5 3 5 3 10 3 ",_ A 
J-v/2 2 V 2 2 V 4 4 V 

4. It is required to divide </l by 3/7 

Here *Z-4i*H-l* Ans. 
I/ 7 7 i 7 * 

5. Tt is required to divide 6^54 by 3 .y/2. 

6. It is required to divide 4^/72 by 2 ^/18. 

3 1 9 1 

7. It is required to divide S-.y/—- by -&/- 

z 136 o o 

S 9. 2 ^ 

8. It is required to divide 4- ^/ - by 2--^/- 

1 2 

9. It is required to divide 4- ^/ a by 2-^/tt©. 

2 3 
JO. It is required to divide 32-^ a by l&r^/a 

31 9 

11. It is required to divide 9-a n by 4-rr <\ 

J 2. It is required to divide ^/20+v^ 12 b y v'^v'+S- 
./Vote. Since the division of surds is performed by sub- 
tracting their indices, it is evident that the denominator 
of any fraction may be taken into the numerator, or the 
numerator into the denominator, by changing the sign of 
its index. 

Also, since — = 1, or = a m - w =:a , it follows, that the 

a m 

expression a° is a symbol equivalent to unity, and, con- 
sequently, that it may always he replaced by 1 whenever 
it occurs, (t) 



(*) To what is above said, we may also farther observe, 
1. That added to or subtracted from any quantity, makes it 
Mather greater nor less ; that is, . 

\ 
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. ,'•'■ 



EXAMPLES. 



1 O' 1 1 <T n 

1. Thus-=— -, or a- 1 : and — =— , orcu. 
a \ p. 9 1 

•2. Also, — = — . or far* ; and r ^= s -r,-> or — 

3. Let — be expressed with a negative index. 

.i 

4. Let a * be. expressed with a positive index. 

5. Let — ; — be expressed with a negative index. 

6. Let a{cfl — x*) » be expressed with a positive index. 






6-f»0*a»a, and a— 0=— o. 

2. Also, if nought be multiplied or divided by any quantity; 
both the product and quotient will be nought » because any num- 
ber of times 0, or any part of 0, is ; that is, 

Oxa, or aXQwQ, and-— 0. 

3. From this it likewise follows, that nought divided by nought, 
is a finite quantity, of some kind or other. 

For since 0x«=0> or 0— OXa, it is evident, that ^a* 

4. Farther, if any finite quantity be divided by 0, the quotient 
will be infinite. 

For let -""ft then, if b remains the same, it is plain, the less a 
a ■ 

is, the greater will be the quotient q ; whence, if a be indefinitely 

small, q will be indefinitely great : and consequently, when a is 

0, the quotient q will be infinite : that is, 

0' •* tf- 00 • 

Which properties are of frequent occurrence in some of the 
higher parts of the science, and should be carefully remsmhwA* 
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CASE VIII. 

To involve, or raise turd quantities to any power. 

mvLi* 

When the surd 10 a simple quantity, multiply its index 
by 2 for the square, by 3 for the cube, &c. and it will fire 
the power of the surd part, which being annexed to the 
proper power of the rational part, will give the whole 
power required. And if it be a compound quantity, mul- 
tiply it by itself the proper number of tunes, according to 
the usual rule, (w) 

examples. 

2 4- 
1. It is required to find the square of -a* 

2 ' 
f • It is required to find the cube of -r^/3; 

o 

Here Ax3*=lv«=^9>«»=|v'3 An*. 

3. It is required to find the square of 3^/3. 

4. It is required to find the cube of 17^/21. 

B. It is required to find the 4th power of-^/6. 

6. It is required to find the square of 3+2^/5. 

7. It is required to find the cube of y/x+S^y. 

, 8. It is required to find the 4th power of ^3—^/2. 



(11) When any quantity that is affected with the sign of the 
square root is to be raised to the second power, or squared, it is 
done by suppressing the sign. Thus, ' 

if a)*, or v'aX v'* a =a; and(*/a+6)*,or Va+*X VHJ^a-f A 
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CASE IX. 

To find the roots of surd quantities. 

muLE. 

When the surd is a simple quantity, multiply its index 
by £ for the square root, by £ for the cube root, && and 
it will give the root at the surd part ; which being annex- 
ed to the root of the rational part, will give the whole 
root required. And if it be a compound quantity, find its 
root by the usual rule, (x) 

EXAMPLES. 

1. It is required to find the square root of 9^/3. 
Here (9>/3)*^9*X3* X *=9*X 3^=3^3 Ans, 

2. It is required to find the cube root of-^/2. 

( 8 

Here(i^/2)*=(i)*X (** X *)=K**)=M/I **... 

3. It is requi^d to find the square root of I0». / (■ ; ■ '"' 

- 8 * ■' 

4. It is required to find the cube root of £=<* 4 - -*"•'' 

16 J 2- 

5. It is required to find the 4th root of — o *. -r .■'*■ 



(x) The nth root of the mth power of any number a, or the mth 

m 

power of the nth root of a, is dH< 
Also, the nth root of the mth root of any number a, or the mth 

i 

root of the nth root of a, is a mn 



From which last expression, it appears that, that the square roof 

of , ' " 

square root ox a, or tne squi 
of a, is the otn root of a *, and so on for the fourth, fifth, or any 
other numerical root of this kind. 



of the square root of a is the 4th root of a % and that the cube 
root of the square root of a, or the square root of. the cube root 
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« « V 

6* It if required to find the cube root of -yf- " r v 

7. It is required to find the square root of x*—4xy/a 
+4a. 

8. It is required to find the square root of a+Zy/ab 

+b. 

CASE X. 

To transform a binomial, or a residual $urd,inta a. 

general turd* 

RULE. 

Involve the given binomial, or residual, to a power 
corresponding with that denoted by the surd ; then set 
the radical sign of the same root over it, and it will be 
the general surd required. 

examples. ^ 

1. It is required to reduce 2+^/3 to a general surd. 
Here (2 +y/3)» == 4+3+4^/3 = 7+ 4^/3 ; therefore 

2+^/3=^/1+4^/% the answer. 

2. It is required to reduce ^2+^3 *° a general surd 

Here ( % /2 + % /9) > = g2+3+2 v /6 « 5+2^6 ; 
therefore <v /2+ > /3= (V /6+2 v /6, the answer. 

3. It is required to reduce (/ 2 +V 4 to * general 
surd. 

Here ( j/2+y4y—6 +6l/2+ei/4 ; therefore %/% 

+i/4=ye{l+ y /2+ y /4 i the answer. 

4. It is required to reduce 3— </b to a general surd. 

5. It is required to reduce -y/2— 2^/6to a general 
surd. 

6. It is required to reduce 4 — y/1 to a general surd. 

7. It is required to reduce 2^/3-3^/9 to a general 
surd. 
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CASE XL 

To extract the square root of a binomial, or residual turd, 

rule. 

Substitute the numbers, or parts, of which the given 
surd is composed, in'the place of the* letters, in one of the 
two following formulae, according a& it is a binomial or 
a residual, and it will give the root required. 



Where it is to be observed, that if both a and */a 2 — fc, 
in these formulae, be rational quantities, the root will con- 
sist either of two surds, or of a rational part and a surd, 
which are the only cases of the rule that are useful. 



EXAMPLES. 



1. It is req uired to find the square root of 11+^72, 

Here, 
V i«+i V a^fc= \/iJL+i V 111 -72= V ■^•+1=3 ; 



and, 



Vi«-i V«* -6= V~-**#^ 421 -72=v / -LL-i=- v / 2 
Whence »J 1 1 +6 v <2=3-f v /2, the answer required. 

2. It is required to find the square root of 3— 2^/2. 

Here, 

Vi«+i\/« ; ^=V*+iv'8^=v / |+i==V'2; and 
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= -1; 
Whence 3— 2- v /2=v'2«- 1, the answer required. 

3. It is required to find the square root of 6db2y r 5. 

Ans. ^6±1- 
4* It is required to find tfye square root of 23 ±8 -v/ 7. 

• An». 4^:^/7. 

5. It is required to find the square root of 36±10 

6. It is required if find the square root of^53± 12^/6. 

CASE XII. 

To find such a multiplier, or multipliers, as will make any 

binomial surd rational. 

RULE. 

1. When one or both of the terms are any even fab, 
multiply the given binomial, or residual, by the satne ex- 
pression, with the sign of one of its terms changed ; and 
repeat the operation in the same way, as long as there are 
surds, when the last result will be rational. 

2. When the terms of the binomial surd are odd rood, 
the rule becomes more complicated ; but for the sun or 
difference of two cube roots, which is one of the most 
useful cases, the multiplier will be a trinomial surd, con- 
sisting of the squares or the two given terms and their pro- • 
duct, with its sign changed* 

EXAMPLES. 

1. To find a multiplier that shall render 5+ ^S ra- 
tional. 

Given surd 5+^/3 
Multiplier 5—^/3 

• 

Product 2o--3«=22, as required. 






■v ■• *■ 
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2. To find a multiplier that shall make y/5+ y/9 ra- 
tional. 

Given sard y/&-\-y/$ 
Multiplier y/b — y/ 3 

Product 6—3=2, as required. 

£ To find multipliers thatNhallkake V/&+ 1/3 ra- 
tional. • ... \*** ■ 4 '-3* * 
Given surd t/ 6 +V 3 
1st multiplier V5- V 3 

1st product v/6— ^/3 
2d multiplier v'S+v'S 



2d product 5—3=2, as required. 

4. To find a multiplier that shall make 3/7+ 3/3 ra- 
tional. 
Given surd 3/7+ ^ /3 

Multiplier ^/7* -3/7X3+ I/ 3 * 



7+ y3 X7» 

- 3/3X7*- 3/7X3* 

+ 3/rx3»+s 

Product V+3sb10, as was required. 

& To find a multiplier that shall make %/5—y/x 
rational. 

6. To find a multiplier that shall make y/a+y/b 
rational. 

7. To find multipliers that shall make a+y/b ra- 
tional. 

8. It is required to find a multiplier that shall make 
1 — £/2a rational. 

9. It is required to find a multiplier that shall Ml| 
3/3-4 3/2 rational. ,~ ^F 

X "1 */'," •■ 
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CASE XIII. 



To reduce a fraction, whose denominator is either a simple 
or a compound surd, toj^nother that shall have a rational 
denominator, 

™^ . any:. 

1. When any simple fraction is of the form , mul- 

y/a 

tiply each of its terms by ^/a % and the resulting fraction 

will be bLl. 
a 

Or when it is of the form , multiply them by J/« B , 

and the result will be -^ — . 

a r 

And for the general form - — , multiply by ij/a* 4 , and 

the result will be -^ . 

a 

2. If it be a compound surd, find such a multiplier, bjf 
the last rule, as will make the denominator rational ; and 
multiply both the numerator and denominator by it, vA 
the result will be the fraction required. 

EXAMPLES. 

2 3 

1. Reduce the fractions — -and , to others* All 

y/o £4/5 

shall have rational denominators. 

Ifeue J-=J-x^=?>^. and-!-=-Lx< /6 - , = 
™ */ 3 a/3 V* 3 W 5 \\/b %/bi 

3J/5 3 6i/5s 6 , ,, 

-2£— =-2L — =-*/125 the answer required] 

jAO ' 
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2. Reduce — to a fraction, whose denominator 

shall be rational. 

Here 3 y y & +v* -yg+ vg _ 3 V *4^ _ 

-v/5— ^2 -i/5+^/2 6-2 3 

~ ^— = v ''5+, v /2 * ne answer required. 

3. Reduce ^ v • to a fraction, whose denominator 

3—^/2 ' 

shall be rational. 

Here— ?/i-= y/2 X (3+^/2) _ 3 v /9+2 _ 2i3 v /2 _ 

firC 3-^2 (3-^/2) X (3+^2) 9-2 7 ~" 

2 3 

— h- \/2 the answer required* 

4. Reduce — ^~ — - to a fraction, that shall have a 
rational denominator. 

5. Reduce — - to a fraction that shall have a 

3+^x 

rational denominator. 

.6. Reduce ■ T . to a fraction, the denominator of 
which shall be rational. 

7. Reduce — to a fraction that shall have a 

rational denominator. 



i • 



8. Reduce ^- — — to a fraction that shall have a 

i/9+%/10 

rational denominator. 

4 

9. Reduce i-r— r to a fraction that shall tove a 

t/ 4 +V 5 ■ 

rational denominator; * 



7* ARITHMETICAL PROPORTION 

OF 

ARITHMETICAL PROPORTION 

and PROGRESSION. 

Arithmetical Proportion, is the relation which 
two quantities, of the same kind, have to two others, 
when the difference of the first pair is equal to that of the 
second. 

Hence, three quantities are said to be in arithmetical 
proportion, when the difference of the first and second is 
equal to the difference of the second and third. 

Thus, 2, 4, 6, and a, a+&» a+26, are quantities in arith- 
metical proportion. 

Aud four quantities are said to be in arithmetical pro- 
portion, when the difference of the first and second is 
equal to the difference of the third and fourth. ^ 

Thus, 3, 7, 12, 16, and a 9 a-t-b 9 c, c+6,.are quantities 
in arithmetical proportion. 

Arithmetical Progression is when a series of 
quantities increase or decrease by the same common diffe- 
rence. 

Thus, 1, 3, 5, 7, 9, &c. and a, a+d, a+2d 9 a+Sd, fee. 
are increasing series in arithmetical progression, the com- 
mon differences of which are 2 and a. 

And 15, 12, 9, 6, &c. and a, a— d, a— 2d, a— -3d, &c. 
are decreasing series in arithmetical progression, the com- 
mon differences of which are 3 and d. 

The most useful properties of arithmetical propor- 
tion and progression are contained in the following 
theorems : 

1. If four quantities are in arithmetical proportion, the 
sum of the two extremes will be equal to the sum of the 
two means. 

Thus, if, the proportionals be 2, 6, 7, 10, or a, b, c, d; 
then will 2+l<>=6+7, and a+rf=6+c. 

2. And if three quantities be in arithmetical propor- 
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tion, the ram of the two extremes will be double the 
mean. 

Thus, if the proportionals be 3, 6, 9, or a, 6, c, then 
Will 3+9=2X6= 12, and a+c=26. 

• • 

3. Hebce an arithmetical mean between any two quan- 
tities is equal to half the sum of those quantities. 

Thus, an arithmetical mean between 2 and 4 is 

-=——=3 ; and between 5 and 6 it is = — — - =54. 

2 •■ 2 ^ 

n+ 6 
And an arithmetical mean between a and b is — =— . 

z 

4. In any continued arithmetical progression, the sum 
of the two extremes is equal to the sum of any two terms 
that are equally distant from them, or to double the mid- 
dle term, when the numbet of terms is odd. 

Thus, if the series be 2, 4, 6, 8, 10, then will 2+10 
=4+8=2X6=12. 

A*d,. if the series be a, a+d, a+2d, a+3d, a+4d, 
then will a+(<»+4d)=(a+d)+(o+3d)=2X(a+2d). 

5. The last term of any increasing arithmetical series 
is equal to the first term plus the product of the common 
difference by the number of terms less one; and if the 
series be decreasing, it will be equal to the first term mi- 
nus that product. 

Thus, .the nth term of the series a, a+d, a+2<2, 
a+3d, a+4d, fcc. is a+(n— 1)4. 

And the nth term of the series a, a — d, a— 2d, a— 3d, 
a— 4d, &c is a— (n— l)d. 

6. The sum of any series of quantities in arithmetical 
progression it equal to the sum of the two extremes mul- 
tiplied by half the number of terms. 

Thus, the sum of 2, 4, 6, 8, 10, 12, is = (2+ 12) X 

£=14X3=42. 

2 

And if the series be a+(o+d)+(«+2d)+(a+3d\ 

H 
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+(a+4d) &c. . . . +/, and its sum be denoted by fif, we 
shall have S=(a 4* X- , where / is the last term, and n 

the number of t«>rms. 

Or, the sum of any increasing arithmetical series may 
be found, without considering the last term, by adding 
the product of the common difference hy the Dumber of 
terms less one to twice the first term, and theu multiply- 
ing the result by half the number of terms. 

And, if the series bf» decreasing, it* sum will be found 
by subtracting the above product from twice the first 
term, and then multiplying the result by half the num- 
ber of terms, as before. 

Thus, if the series he a+(a+d)+(a+2d)+(a+3d) 
+ (a + 4ri), &c. continued to n terms, we shall have 



S=j*a+(ii-l)tf jx£ 



And if the series be a+(o- d)+(a— 2cf)+(a—3d)+ 
(a— -4cQ, &c. to n terms, we shall have 



*-{*-(«~i)<0x!<3r) 



(y) The sum of any number of terms (n) of the series of na- 
tural numbers 1, 2, 3,*4, 5, 6, 7, &c. is = " (w+1) 

Thus, 1+2+3+4+5, &c. continued to 100 terms, is — l0Qx101 

«50x 101*5050. 2 

Also the sum of an£ number of terms (n) of the series of odd 
numbers 1, 3, 5, 7, 9, 11, &c. is =.na . 

Thus, 1+3+5+7+9, &c. continued to 50 terms, is«=, 50» «■ 
2500 

And * any three of the quantities, a, d, n, S, be given, the fourth 
may be found from the equation 
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EXAMPLES. . . 

1. The first term of an increasing arithmetical series is 
3, the common difference 2, and the number of terms 20 ; 
required |he sum of the series. - 

First, 3+2(20- 1)=3+2X 19=3+38=41, the last 

term. 

20 90 

And (3+41)X -- =44X — =44X10=440, the sum 

2 2 

required. 

9ft 

Or, {2X3+(20-l)X2}x— =(6+19X2)X10=(6+ 

38) X 10=44 X 10=440, as before. 

2. The first term of a decreasing arithmetical series is 
100, the common difference 3, and the number ef terms 
34 ; required the sum of the series. 

First, 100-3(34- 1)=100-3X33=100— 99=1, the 
last term. 

And(100+l)X~— =101 X— =101X17=1717, the 
x . 2 2 

sum required. 

34 
Or, {2X100- (34-1) X3}X— - (200—33X3) 

X17=(200— 99) X 17=101X17=1717, as before.. 

3. Required the sum of the natural numbers, 1, 2, 3, 4, 
5, 6, &c. continued to 1000 terms. Ans. 500500. 

4. Required the sum of the odd numbers 1, 3, 5, 7, 9, 
lie. continued to 101 terms. Ans 10201. 

6. How many strokes do the clocks of Venice, which 
go on to 24 o'clock, strike in a day ? Ans. 300. 



Where the upper sign + is to be used when the series is in- 
creasing, and the lower sign — when it i» decreasing ; also the 
last term Wa±(rt— l)i, as above. * 



76 GEOMETRICAL PROPORTION 

6. Required the 365th term of the series of even num- 
bers 2, 4, 6, 8, 10, 12, &c. Ans. 720. 

7. The first term of a decreasing arithmetical series is 

10, the common difference -, and the number of terms 

21 ; required the sum of the series. Ans. 140. 

8. One hundred stones being placed on the ground, in 
a straight line, at the distance of a yard from each other ; 
how far will a person travel, who shall bring them one 
by one, to a basket, placed at the distance of a yard from 
the first stone ? Ans. 5 miles and 1300 yards. 

OF 

GEOMETRICAL PROPORTION 

AND 

PROGRESSION. > 

Geometrical Proportion, is the relation which two 
quantities of the same kind hare to two others, when the 
antecedents, or leading terms of each pair, are the same 
parts of their consequents, or the consequent of the an- 
tecedents. 

And if two quantities only are to be compared toge- 
ther, the part, or parts, which the antecedent is of its 
consequent, or the consequent of the antecedent, is call- 
ed the ratio ; observing, in both cases, always to follow 
the same method. 

Hence, three quantities are said to be in geometrical 
proportion, when the first is the same part, or multiple, 
of the second, as the second is of the third. 

Thus, 3, 6, 12, and a, ar, ar*, are quantities in geo- 
metrical proportion. 

And four quantities are said to be in geometrical pro- 
portion, when the first is the same part, or multiple, of 
the second^ as the third is of the fourth* 



\ 



r 
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Thus, 2, 8, 3, 12, and a, ar, 6, 6r, are geometrical 
proportionals. 

Direct proportion, is when the same relation subsists 
between the first of four terms and the second, as be- 
tween the third and fourth. 

Thus, 3, 6, 6, 10, and a, ar, 6, ' 6r, are in direct pro- 
portion. 

Inverse, or reciprocal proportion, is when the first and 
second of four quantities are directly proportional to the 
reciprocals ef the third and fourth 

Thus, 2, 6, 9r 3, and a, or, 6r, 6, are inversely pro- 
portional ; because 2, 6, -, -, and a, ar f —,- aredirect- 

9 3 or 6 

ly proportional. 

Geometrical Progression is when a series of quan- 
tities have the same constant ratio ; or which increase, 
or decrease, by a common multiplier, or divisor. 

Thus, 2, 4, 8, 16, 32, 64, &c. and a, ar, ar 2 , ar*, ar A > 
&c. are series in geometrical progression. 

The most useful properties of geometrical propor- 
tion and progression are contained in the following theo- 
rems : 

1. If three quantities be in geometrical proportion, the- 
product of the two extremes will be equal to the square 
of the mean. 

Thus if the proportionals be 2, 4, 8, or a, 6, c, then 
will 2 X 8=4* , and a X c=6* . 

2. Hence, a geometrical mean proportional, between 
any two quantities, is equal to the square root of their 
product. 

Thus/ a geometric mean between 4 and 9 is = ^36 

=6. 

And a geometric mean between a and b is = y/ab. 

3. If four quantities be in geometrical proportion, the 
product of the two extremes will be equal to that of the 
means. 



78 GEOMETRICAL PROPORTION 

Thus, if the proportionals be 2, 4, 6, 12, or a, b t c, 
<2; then will 2X12=x4X6,andaXci=6Xc. 

4. Hence, the product of the means of four proper* 
tional quantities, divided by either of the extremes, 
will give the other extreme ; and the product of the ex- 
tremes, divided by either of the means, will give the 
other mean. 

Thus, if the proportionals be 3, 9, 5, 16, or a, b, c, 

j *k „ 9X6 _ ,3X16 Q . 6Xc , 

a : then will — — =16, and =9 : also, = a, 

3 6 » 

,aX<* . 
and =&. 

6 

5. Also, if any two products be equal to eaclflLother, 
either of the terms of one of them, will be to either of 
the terms of the other, as the remaining term of the last 
is to the remaining term of the first. 

Thus, if ad=bc 9 or 2X16=6X6, then will any of the 
following forms of these quantities be proportional : -. 

Directly, a : b : : c : rf, or 2 : 8 : : 6 : 16. 

Invertedly, b : a : : d : c, or 6 : 2 : : 16 : 5. 

Alternately, a : c : : b : d 9 or 2 : 6 : : 6 : 16* 

Conjunctly, a : a+b : : c : c+d 9 or 2 : 8 : : 5 : 20. 

Disjunctly, a : b*ra : : c : d+c 9 or 2 ; 4 : : 6 : 10. 

Hixedly, 6+a : b*a : : d~\-c : d*c 9 or 8 : 4 : : 20 : 10. 

In all of which cases, the product of the two extremes 
is equal to that of the two means. 

6 In any continued geometrical series, the product of 
the two extremes is equal to the product of any two 
means that are equally distant from them; or te the 
square of the mean, when the number of terms is odd* 

Thus, if the series be 2, 4, 8, 16, 32 j then will 

2X32=4 X16=S a 
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7. In any geometrical series, the last term is equal to 
the product arising from multiplying the first term by such 
a power of the ratio as is denoted by the number of terms 
less one. 

Thus, in the series 2, 6, 18, 54, 162, we shall have 
2X3«=2X81=162. 

And in the series o, ar, ar* , ar 9 , ar 4 > &c. continued to n 
terms, the last term will be 

6. The sum of any series of quantities in geometrical 
progression, either increasing or decreasing, is found by 
multiplying the last term by the ratio, and then dividing the 
difference of this product and the first term by the diffe- 
rence between the ratio and unity. 

Thus, in the series 2, 4, 8, 16, 32, 64, 128, 256, 512, 

512X2—2 
we shall hare — - — - — «= 1024—2=1022, the sum of 

the terms. 

< 

Or the same rale, without considering the last term, 
may be expressed thus : 

Find such a power of the ratio as is denoted by the 
number of terms of the series ; then divide the differ- 
ence between this power and unity, by the difference be- 
tween the ratio and unity, and the result, multiplied by the 
first term, will be the sum of the series. 

Thus, in the series o+ar+or a +ar 3 +ar 4 , &c. to ar*' l 9 
we shall have 



S 






Where it is to be observed, that if the ratio, or com- 
mon multiplier, r, in this last series, be a proper fraction, 
and consequently the series a decreasing one, we shall 
have, in that case, 

a+tfr+0r*+<M*+a f S fcc« ad infinitum = - — . 
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EXAMPLES* 



1. The first term of a geometrical series is 1, the rati* 
2, and the number of terms 10 ; what is the sum of the 
series ? 

Here I X2» = l X612=512, the last term. 

. ,612X2-1 10*4-1 tnoo .. . . 

And = = 1023, the sum required. 

2-1 1 n 

2. The first term of a geometrical series is -, the ra- 
1 S 

tio -, and the number of terms 5 ; required the sum of 

the series. 

Here -=( - ) ==-X — = , the last term. 

2 \3/ * 81 162 

And = — 12J. — 1=2 — ±11=. — X-=- — , the sum. 
1— £ $ 243 2 162' 

3. Required the sum of 1, 2, 4, 8, 16, 32. &c. conti- 
H«ed to ti) terms* Ans. 104867& 

4. Required the sum of 1, -, -, -, ~, _, kc. conunu- 

ed to 8 terms. Ans. 1— 

128 

6. Required the sum of 1,-. -, -~, — -, &c. continued 

3 9 27 81 3gao 

to 10 terms. Ans. 1— — 

6661 

6. A person being asked to dispose of a fine horse, said 
he would sell him on condition of having a farthing for 
the first nail in liis shoes, a halfpenny for the second, a 
penny for the third, twopence for the fourth, and so on, 
doubling the urice of every uail, to 32, the nnmber of nails 
in his four shoes ; what would the horse be bold for at 
that rate ? Ans. 4473924/. bs. 3£rf. 
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Of EQUATIONS. 



The Doctrine of Equations is that branch of alge- 
bra, which treats of the methods of determining the values 
of unknown quantities by means of their relations tQ 
others which are known. 

This is done by making certain algebraic expressions 
equal to each other (which formula, in that case, is called 
an equation), and then working by the rules of the art, till 
the quantity sought is found equal to some given quantity 
and consequently becomes known. 

The terms of an equation are the quantities of which it 
is composed ; and the parts that stand on thq* right and left 
of the sign =, are called the two members, or sides, of 
the equation. 

Thus, if #=<*+&, the terms are x, a, and b ; and the 
meaning of the expression is, that some- quantity ar/ r 
standing on the left hand side of the equation, is equal 
to the sum of the quantities a and b on the right hand 
side. 

A simple equation is that which contains only the 
first power of the unknown quantity : as, 

g-f-a=36, oraz=6r, or 2tf+3a 9 =5i* ; *• 

Where x denotes the unknown quantity, and the other 
letters, or numbers, the known quantities. 

A compound equation is that which contains two or 
more different powers of the unknown quantity ; as, 
x*-\-ax—b, or x* — 4s f -}-3x=25. 

Equations are also divided into different orders, or re- 
ceive particular names, according to the highest power of 
the unknown quantity contained in any one of their terms : 
as, quadratic equations, cubic equations, biquadratic equa- 
tions. &c. 

Thus, a quadratic equation is that in which the unknown 
quantity is of two dimensions, or which rises to the second 
power : as, 

x*=20 j x*+ax**b 9 or a&«+10x=100« 
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A cubic equation is that in which the unknown quan- 
tity is of three dimensions, or which rises to the third 
power : as, 

a * =27 ; 2x 3 — 3a;=35; or a: 3 — or* +&a?=.c. 

A biquadratic equation is that in which the unknown 
quantity is of four dimensions, or which rises to the 
fourth power : as, a 4 =26 ; 5x 4 — 4x=6 ; or x*— ax 3 + 
hx a — «=d. 

And so on, for equations of the 6th, 6th, and other 
higher orders, which are all denominated according to the 
highest power of the unknown quantity contained in any 
one of their terms. 

The root of an equation is such a number, or quan- 
tity, as, being substituted for the unknown quantity, will 
make both sides of the equation vanish, or become equal 
to each othejL 

A simple ^equation can have only one root ; but every 
compound equation has as many roots as it contains di- 
mensions, or as is denoted by the index of the highest 
power of the unknown quantity,' in that equation. 

Thus, in the quadratic equation s a -f"2z=15 f thetoot, 
or value of a*, is either + 3 or - 5 ; and, in the cabic 
equation x 3 — 9as 2 -f"26a;=24, the roots are 2, 3, and 4, 
as will be found by substituting each of these numbers for 
x. 
**£*•*• In an equation of an odd number of dimensions, one 
\ of its roots will always be real ; whereas in an equation 
of an even number of dimensions, all its roots may be 
imaginary ; as roots of this kind always enter into an equa- 
tion by pairs. 

Such are the equations rr s — 6x4*14=0, and x 4 — $x % 
— Sx a + 10x-r-60=0. (*) 



(x) To the properties of equations above-mentioned, we may 
here farther add, 

1. That the ium of all the roots of any equation ia equal to 
the coefficient of the second term of that equation, with its figs 

changed. 
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OF THE 

RESOLUTION of SIMPLE EQUATIONS, 

Containing only one unknown Quantity, 

The resolution of simple, as well as of other equations, 
is the disengaging the unknown quantity, in all such ex- 
pressions, from the other quantities with which it is con- 
nected, and making it stand alone, on one side of the 
equation, so as to be equal to such as are known on the 
other side ; for the performing of which, several axioms 
and processc-s are required, the most useful and necessary 
of which are the following : (a) 



2. The sum of the products of every two of the roots, is equal 
to the coefficient of the third term, without any change in its sign. 

3. The sum of the products of every three of th* roots, is equal 
to the coefficient of the fourth term, with its sign changed. 

4. And so > n, to the last, or absolute term, Which is equal tc 
the product of all the roots, with the sign changed or not accorr 
ing as the equation is of an odd or an even number of dimensioi > 

See, for a more particular account of the general theory 
equations. Vol II. of my Treatise on Algebra, 8vo, 1813. 

(a) The operations required; for the purpose here mentione 
are chiefly si*ch as are derived from the following simple and e 
dent principles : 

"• 1. If the same quantity be added to, or subtracted from, ea 
of two equal quantities, the results will still be equal -, which 
the same, in effect, as taking any quantity from one side of 
equation, and placing it on the other side, with a contrary sign 

2. If all the terms of any two equal quantities, be muitiplit 
or divided, by the same quantity* the products, or quotient 
thence arising, will be equal. 

3 If two quantities, either simple or compound, be equal to 
each other, any like powers, or roots, of them will also be equal. 

All of which axioms will be found sufficiently illustrated, by 
the processes arising out of the several examples &nn&i&<l.^ 4 && 
six different cases given in the text. 
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CASE I. 



Any quantity may be transposed from one side of aft 
equation to the other, by changing its sign ; and the two 
members, or sides, will still be equal. 

Thus, if s+3=7 ; then will 3=7-3, or 3«*4. 

And, if a:—4+6=8 ; then will 3=8+4— 6=6. 

Also, if 3 — a+6=c— cf : then will 3=a— 6+c— d. 

And, if 4z— 8=33+20 ; then 43-33=20+8, and 
consequently 3=28. 

From this rule it also follows, that if a quantity be 
found on each side of an equation, with the same sign, it 
may be left out of both of them ; and that the signs of 
all the terms of any equation may be changed from + 
to — , or from — to +, without altering its value. 

Thus, if a;+5=7+5 ; then, by cancelling, 3=7. 

And, if a— 3=6— c; then, by changing the aigni, 
3— a=c— 6, or x==hi+c— 6. * 



CASE II. 



If the unknown quantity, in any equation, be multi- 
plied by any number, or quantity, the multiplier may be 
taken away, by dividing all the rest of the terms by it ; 
and if it be divided by any number, the divisor may be 
taken away, by multiplying all the other terms by it* 

Thus, if 03=3o© - c ; then will 3=36 — . 

And, if 23+4=16 ; then will 3+2=8, 

or 3=8— 1 



Also, if |=5+3 ; then will 3=10+6=16. 

23 

And, if — — 2=4 ; then 23—6=12, or, by division, 



jr— 3=6, or or=9. 
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CASE III. 



Any equation may be cleared of fractions, by multi- 
plying each of its terms, successively, by the denomina- 
tors .of those fractions, or by multiplying both sides by 
the product of all the denominators, or by any quautity 
that is a multiple of them. 

x x i 

Thus, if - -f- - =5, then, multiplying by 3, we have x+ 

3x 

— =15 ; and this, multiplied by 4, gives 4a+3#=60 ; 

f\f\ A. 

whence, by addition, 7&=60, or a;= — =8 - 

And, if T -f--= 10 ; then, multiplying by 12, (which 

4 6 

is a multiple of 4 and 6,) 3x-f2a;=120, r do; =120, or 

•s= — =24. 
6 

It also appears, from this rule, that if the same number, 
or quantity, be found in each of the terms of an equation, 
either as a multiplier or divisor, it may be expunged from 
all of them, without altering the result 

Thus, if ax~ab-\-ac ; then, by cancelling, x=6+c. 

x b c 
And, if — H — =- : then x-{-b=c y or a:=c— 6. 
a a a 



CASE IV. 

If the unknown quantity, in any equation, be in the 
form of a surd, transpose the terms sor that this may stand 
alone, on one side of the equation, and the remaining 
terms on the other (by Case 1) ; then involve eacfe of the 
sides to such a power as corresponds with the vodft^s£ 



/ 
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the surd, and the equation will be rendered free from any 
irrational expression. 

Thus, if v^-2=3 ; then will v /x=3+2=5, or, by 
squaring, x=5 2 =25. 

And if <w /3x+4=5 ; then will 3x+4=25, or 3x= 

25-4=21, or x=^ =7. 

3 

Also, if ^/2x+3+4=8 ; then will yS+3=B-4 
=4, or 2x+3 c =4 3 =64, and consequently 2x=64-3 

=61,ors=^=3oi 

2 2 



CASE V. 

If that side of the equation, which contains the un- 
known quantity, be a complete power, the equation may 
be reduced to a lower dimension, by extracting the root 
of the said power on both sides of the equation. N 

Thus, if a; 3 =81 ; then o;= v /81=9 ; and if x»=«7, 
then a:=^/27=3. 

Also, if 3x»— 9=24; then Sx 2 =24+9=33, op «■« 

33 ' 

— = 1 1 , and consequently x=^/ 11. 

And, if ff 3 +6*+0=27; then, since the left hand 
side of the equation is a complete square, we shall hare, 

by extracting the roots, ap+3= v /27= v /9 XSssS,^, or 
x=3 v /3-3. 

CASE VI. 

Any analogy, or proportion, may be converted into an 
equation, by making the product of the two extreme terms 
equal to that of the two means. 

Thus, if 3x : 16 ::. 5 : 6; then 3«X6=16X'6; or 
* ft «„ ^l 80 40 4 
18*=80,or#t_= T =4-. 
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And, if — : a : : b : c ; then will -— =a&, or $cx= 

3 • , 3 . 

3a6 ; or, by division, a?= — • . 

Also, if 12 — x : | : : 4 : 1 ; then 12— x =i^ =2*, 

12 
©r 2a?+a;=12 ; and consequently a?=— =4. 



MISCELLANEOUS EXAMP4.ES. 



1. Given 5a;— 15=2a?+6, to find the value of x. 
Here 5*— 2s=6+15, or 3a;=G+15=21 • and there- 

fore * = -r-=7. 
3 

2. Given 40— 6s— 16=120— 14x, to find the value 
of fc. 

Here 14x-6ar = 120-40+16 ; or 8a; = 136—40 = 

96 ; and therefore a: =t-t-= 12, 

8 

3. Given 3a: 3 — 10x=8x+x 2 , to find the value of av 
Here 3a; — 10=8+a% by dividing by x ; or 3a;— s=8 

+ 10=18, by transposition. 

18- 
And consequently 2a;=18, or x ==~=9. 

4. Given 6tfa5 3 ~12afcr a =3aa; 3 +6aa: 3 , to find the value 
of x. 

Here 2a?— 46==a;+2, by dividing by 3ax 2 ; or 2a;— x 
=2+46 ^and therefore s=4&+2* 

5. Given x*+2aj+t=16, to find the value of x. 
Here #+1=4, by extracting the square root of each 

side. 

And therefore, by transposition, x=4— 1=3. 

6. Given 5ar— 36=2efa+c, to find the value pf a\ 



4S SIMPLE EQUATIONS. 

iHere fax— 2dx=*c-{-3b ; or (5a - 2d)*=c+36 ; tni 
therefore, by division, x *- 



5a— 2d* 



7. Given -— -+- =»10, to find the value ef x. 

2 3*4 

Here*— _.l._=20 ; and 3x-2x4-— = 60 ; or 

3 4 * 4 

12j— 8ir+6ap=240 ; whence 10x=240, or x«.24. 

8. Given -^ — \— = 20—-^ — , to find the value 

•f X. 

2a: 

Here*-3+— — 40-Z+19 ; or 3ar-9+2x=120- 

v 

3x+57 ; whence 3ar+2x+3x=120 + 57+9 j that is 
8ar=186, orx— 23J. 

2x ^ 

9. Given \/--+5=7, to find the value of *. 

O 

Here ^—=7 — 5=2 ; whence, by squaring* ^-=4* 

3 3 

«=4, and 2*= 12, or x=6. 

10. Given x + </( al +*') = / , T » to find the 

*" ^/(a a -f-a? a ) 

value of x. 

HeTex^a* +x*)+a* +x* = 2a* ; or a?v/(a* +*»)«= 

a 9 - x* ,and a; 3 (a 3 +* a )=a 4 — 2a a x a +ar 4 ; whence a 3 a?» + 

o;i=sa 4 — 2a a s 3 +o? 4 ,anda a s a =a 4 - 2a a « 3 ; therefore3a*x* 

a 4 a a a* 

=a*, or x a = - — =— ; and consequently as =^/ — - 

Od O O 

=«v / 3 ==a \/g=3V /3 » tne answer required. 



l-iTJ-l^fc 



i. Give* 5*— =— iir=:: t»m 

2. GiTen4— r7=l* — - "j. u mi ^*- -*t,a- : 
3- Given *^rll=^3£— *• **-==■* ^*= ""■*=*' : - 



-' » 



4. Given ^-r-^ — ^ : 



5. Given Sz- i — :=^r-i 



_— X 



o- Given 
T. Given : 



2 £ 4 J-' 



8. GfTW «-U-yS2=^*~^ ^ _ 




1A ^i - m- - ~ — -_ n in* »* -'*- 



of #• 

II. Given =j 3=— — ^ a uw -«• ^ 

of X. 
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It. Given </a*+x*=*\/b*+x* t to find the Talae of*. 

a~ „6 4 -a* 
Aim. *=*/ 



. 13. Given ^o+i+y/a-xs^ai, to find the Talae 

of x. Ana. x= 

a* +4 

14. Given — — [-- =&, to determine the raloe of*. 

1+x 1— x 

Ana. x=^/ — — 

o 



15. Given 0+^=^0* +x v /(6 a +x»), to find the ralue 

of x. Ans. x --a 

4a 

16. Given f^/a* +3a* -fv/x* —3a* =x v /a, to find the 
value of x. Ans. x=«/_— 



Ans. x=j/ 

*4 v4« 



17. Given ^/a+x+y^-x^, to find the value of *» 

5 



Am. x=-y/4a^ 5* 

18. Given ^/«+x+ $/« - a? 55 ** to fin d the value #f g 

Ans. x = ♦/«« - (*-^-Y 

Ans. x = 



19. Given v /a+ v /x=^/ax, to find the value of r* 

a 



20. Given v 7+V— rr 22 ^ to determine the 

^ x— 1 v x-f-1 

value of x. Ans. x= 



i/a«-* 
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21. Given v /a 3 +aa;=*a--^/a*—aar, to find the value 

Ans. x=r -a/3. 



22. Given ^/v*-*'*^"* — 1 *** 2 */ 1 ~ x *> to find 
the value of *. ^ ^ *- - (SiJ) 

23. Given y/x+a^c—^/x+b, to find the value of a?. 

24. Given <J — r- + </ = 1/ -- -, to find 

the value of a?.. Ans. a:==af - — J 

- Of the resolution zp simple equations, containing two 

unknown quantities. 



re*tw< 



When there aw two hnjinown quantities, and two in- 
dependent simple equations involving them, they may be 
reduced to one, by any jl£ the three following rules : 

/*** * BULB I.— 

Observe which of the unknown quantities is the least 
involved, and find its value in each of the equations, by 
the methods already explained ; then let the two values, 
thus found, be puLaqual to each otb*r, and there will 
arise a new eqoatidk ilith only one unknown Quantity in 
it, the value of which may be found as before, (b) 



(b) This rule depends upon the well known axiom, that things 
which are equal to the same thing, are equal to each other ; and 
the two following methods arc founded on principles which art; 
equally simple and obmus. 
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EXAMPLES! 



1. Given | £i§zJo \ to find the Tallies of s 

and y. « 

23 — 3y 
Here, from the first equation, x= — ^—^t 

10+2v 
And from the second, xa*. — ■ 



Whence we have — ^ — -= — ' — 2.,- 

2 \;± 6 

Or 115- 15y=20+4y, or 19y=W^- 20=95, 

That is, 1/= — =s5, and x '=sa^5~-»- =4. 
*19 /;i 4 

2. Given J *+?=" * to fifi* Je vajU of a: and y. 

Here, from the first equation* .&=a— y, 
And from the second, ^%B=f&+y, 
Whence a— y=6+y, or Sy=a— 6, 

And therefore y= ""* -, ajid or=a— y f - 

Or, by substitution, gs=4-/ -— = -3L'* 

■v^ ' 2 2 . 

3. GivenJ^Jg^J Jio. findthe values ,of a.apdj, 

2v * 
Here, from the first equation, x =14— — , 

, ■ ■ ■ - - •■ . , ..... 

And from the second, #=24— -£, 

■ 2 

Therefore, by equality* 14- ^=24- 2 f 
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And consequently 42— 2y«72 |., 

Or, by multiplication 84— 4y=144— 9y ; 

And, therefore, also 5y=144 —84=60, 

60 24 

Or, by division, y= —- =12, and x =14= — =6. 



RULE II* 

Find the value of either of the unknown quantities in 
that equation in which it is the least involved ; then sub- 
stitute this value in the place of its equal in the other 
equation, and there will arise a new equation with only 
one unknown quantity in it ; the value of which may be 
found as before. 



^ EXAMPLES. 

1. Given I slt?*^™ \ to find ihe values of * 
and y. 



From the first equation, x=17— 2y ; which value, be- 
ing substituted for x 9 in the second, 

gives3(17-2y)-y=2, 

Or 51 -6y-y=2, or 7y=51 —2«=49, 

49 
Whence w= — =7, and s=17 — 2y=3. 

7 

2. Given j x ^~ 3 > to find the values of x and y. 

From the first equation, #=13~y ; which value being 
substituted for x, in the second, 

Gives 13— y-y=3, or 2y=13— 3=10', 

10 r 

Whence y= — =5, and a?=13— y==8. 
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3. Given \ x j^J \^ h \ to find the values of x 

and y. 

Here the analogy in the first, tamed into an equa- 
tion, 

gives oa:=ay, or a:= -£-, 

6 

And this value, substituted for x in the second, 
gives ^)*+ya=c, or ^- +y f =c, 

Whence we have a 2 y 2 -\-b*y*=b*c 9 or y« = 



And, consequently, y=fcy -_----, and» =Btt^/-j^rrr 



RULE III. 



Let one or both of the given equations be multiplied, 
•r divided, by such numbers, or quantities, as will make 
the term that contains one of the unknown quantities the 
same in each of them ; then, by adding, or subtracting, 
the two equations thus obtained,, as the case may require, 
there will arise a new equation, with only one unknown 
quantity in it, which may be resolved as before. 



examples. ^ 

1. Given J 3 ^gp}J \ to find the values of * 

and y. 

First, multiply the second equation by 3, and it will 
give 3*+6i0=42. 

Then, subtract the first equation from this, and it will 
give 6y - 5y=42 - 40, or y=2. 

Whence, also, s=14— - 2y =14— 4=10. 
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2. Given $ 2x+5^= 16 ( to find ^ VaIues of * 
and y. • 

Multiply the first equation by 2, and the second by 5 ; 
then 10x-6y=18, and 10rr+26y=80. 

And if the former of these be subtracted from the lat- 

62 
ter there will anse 31y=62, or y = «r=2. 

Whence, by the first equation, x= *= — =^5. 

5 6 



EXAMPLES FOR PRACTICE. 

1. Given 4x + y=34, and 4yHr=16, to find the values 
of x and y. Ans. x=8, y=2 

2. Given 2x+3y=16, and 3a;— 2y=ll, to find the 
values of a; and y. Ans. a:=5, y=2 

. „. 2a? . 3y 9 . 3x , 2y 61 . , _ 

3. Piven T + J =_, and T +f = r ^ to find the 

values of x and y. 

Ans. a;= -, y=- 
2*8 

4. Given -+7y=»99,and|+7a;==51, to find the val- 

7 v.. 7 

ues of a? and y. * Ans. x=7, y=14 

36 4 o 3 4 

to find the values of x and y. 

Ans. ar=60, y=40 

6. Given *+y=*, and x a — y»=tf, to find the values of 
« and y. 

Ans* g , y sr - 

2* '* 2s 

7. Given tr+y : a : : *— y : b, fj}d ** — y 9 =c, to find 
the values of a? and y. 

a+6 c a— b c 

Ans. s=- _ «/-r, y= — =r- n/~^l 
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8. Giv^B a*+£y=c, and dx+ey*=f, to find the values 

ofxandy. 

ce—bf af—de 

Ana. a:= =^r, y= -^ — — 

de— 6d ae— -W 

9. Given ar+y=a, and » a — y* =&, to find the values of 

* » nd »' A„s. *= 2=±Lj y=- *=* 

2a * 2a , 

10. Given x*+xy=a 9 and y a +ffy=&> to find the val- 
ues of x and y. a«« «. g ., * 

* Ans. a«= — ' 3 y = — —— 



Of the resolution of simple equations, containing three er 

more unknown quantities. 

When there are three unknown quantities, and three 
independent simple equations containing them, they may 
be reduced to one, by the following method. 



RULE. 

Find the values of one of the unknown quantities, ii 
each of the three given equations, as if all the rest were 
known ; then put the first of ftfcse values equal to the 
second, and either the first or second equal to the third, 
and there will arise two new equations with only two us- 
known quantities in them, the values of which may be 
found as in the former case ; and thence the value of the 
third. 

Or, multiply each of the equations by such numbers, 
or quantities, as will make one of their terms the same 
in them all ; then, having subtracted any two of these 
resulting equations from the third; or added them toge- 
ther, as the case ma^ require, there will remain only two 
equations, which may be resolved by the former rules. 

And in nearly the same way may four, five, &c. un- 
known quantities be exterminated from the same num* 
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ber of independent simple equations ; but, in cases of 
this kind, there are frequently shorter and more commo- 
dious methods of operation, which can only be learnt 
from practice. 

EXAMPLES. 

i *+y +z =29 ) 
1. Given < jr+2y+32=62 } to find x, y, and 2. 

Here, from the first equation, s=29 — y— 2. 

From the second, x=62— 2y— 32, 

2 1 
And from the third, x=20 y— -2. 

Whence 29— y— 2=62— 2y— 32, 

2 1 
And, also, 29— t/— z*=20 — v — *• 

3 2 

From the first of which y=33— 22, 

3 
And from the second, y=27— -r, 

3 
Therefore 33— 22=27 — £*, or *=if, 

Whence, also, y=33— 2*=9 
And x=29— y— *=8. 



2. 



{2*+4y— 32=22) 
Given { 4*— 2y+62=lS > to find *, y, and z. 
{6a+7y~2 =63 J 



Here, multiplying the first equation by 6, the second 
by 3, and the third by 2, we shall have 

12*+*4y- 182=132, 
12*— fij+162=54, 
12s+14y- 22=126. 

And, subtracting the. second of these equations succes- 
sively from the first and third, there will arise .V% 

30y-332=78, *# . 

20y- 172=72. 
K 
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Or, by dividing the first of these two equations by 3, < 
and then multiplying the result by 2, 

20y - 22*=52, 
2ty~.17*=72. 
Whence, by subtracting the former of these from the 
latter, we have 5.? =20, or 2=4. 
And, consequently, by substitution and reduction, 

y=7 and x=3. 

3. Given x+y+z=53 t x+2y+32=105 f and x+3y 
+42=134, to find the values of x, y> and z. 

Ans. z=24, y=6, and ar=M 

4. Given *+-y + - 2=32, ^a:+-y + -2=15,aiid-i 

+ -y + - 2=12, to find the values of ar, y, and z. 

6 b Ans. x=12, y=20, *=30. 

5. Given Ix + By + 22 = 79, 8»+7y + 9z = 122, and 
x+4y+&2=56, to find the values of g, y, and z. 

Ans. *=4, y=9, z=3 

6. Given x+y=^a, x+2=6, and y+2=c, to find the 
values of x, y, and 2. 



MISCELLANEOUS QUESTIONS, 

PRODUCING SIMPLE EQUATIONS. 

The usual method of resolving algebraical question*, 
is first to. denote the quantities, that are to be found, by ar, 
y 9 or some of the other final letters of the alphabet ; 
then, having properly examined the state of the ques- 
tion, perform with these letters, and the known quanti- 
ties, by means of the common signs, the same opera- 
tions and reasonings,' that it would be necessary to make 
if the quantities were known, and it was required to ve- 
rify them, and the conclusion will give the result sought 

Or, it is generally best, when it can be done, to denote 
only one of the unknown quantities by x or y, and then 



SIMPLE EQUATIONS. 99 

to determine the expression for the others, from the na- 
ture of the question ; after which the same method of 
reasoning may be followed, as above. And, in some 
cases, the substituting for the sums and differences of 
quantities ; or availing ourselves of any other mode, that 
a proper consideration of the question may suggest, will 
greatly facilitate the solution. 

1. What number is that whose third part exceeds its 
fourth part by 16 ? 

Let »= the number required, 

Then its - part will be -a?, and its - part -a:. 
3 r 3 ' 4*4 

And therefore -x a?=16, by the question, 

3 4 

That is x— -#=48, or 4s — 3*= 192, 

Hence #=192, the number required. 

2". It is required to find two numbers such, that their 
sum shall be 40, and their difference 16. 

Let x denote the least of the two numbers required, 
Then will x+16 = to the greater number, 
And x+x+ 16=40, by the question v 

24 
That is 2a=40 — 16, or a= — =12= least number. 

2 

And £+16=12+16=28= the greater number re- 
quired. 

3. Divide 1000/. between a, b, and c, so that a shall 
have 72/. more than b, and c 100/. more than a. 

Let x=b'8 share of the given sum, « 

Then will £+72= a's share, 

And a:+172= c's share! 

Hence their sum is a?+a;+72+a;+172, 

Or 3ar+244=1000, by the question, 

That is 3x=1000— 244=756, 

^ 756 

Or x= — - = 252/. =b's shace, 
» » 
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Hence x+ 72 =324/.= a.'s share, 
And x+ 172=424/.=c.*s share. 
Also, as above, 262/.=b.'s share. 



Sum of all =10001. the proof. 

4. It is required to divide 1000/. between two per- 
sons, so that their shares of it shall be in the proportion 
of 7 to 9, 

Let ar= the first person's share, 
Then will 1000— x= second person's share, 

And x : 1000 — x : : 7 : 9, by the question, 

That is 9s =( 1 000 - x) x 7 =7000 - 7x, 

7000 
Or 9ar+7s=7000, or rr= — - - = 437/. 10*. = 1st share, 

lb 

and 1000— x= 1000— 437/. 10*. =662/. 10*. = 2d share. 



- mi 



o. x ne paving or a square COtirt with stones'; lit ft a 
yard, will cost as much as the enclosing it with palUsades, 
at 5*. a yard ; required the side of the sqtfare f 

Let ar= length of the side of the square sought,. 
Then 4#= number of yards of enclosure, . 
And x 2 = number of yards of pavement, 
Hence 4a:X5=20a: =price of enclosing it, 
And x 2 X2=2s fl = the price of the paving, 
Therefore 2ac 9 =20rr, by the question, 
Or 2o?=20, and £=10, the length of the side re- 
quired. 

6. Out of a cask of wine, which had leaked away 
a third part, 21 gallons were afterwards drawn, and the 
cask being then guaged, appeared to be half full ; how 
much did it hold ? 

Let x = the number of gallons the cask is supposed ts 
have held, 

Then it would have leaked away -a; gallons, 
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Whence there had been taken oat of it, altogether, 

21 + -a; gallons, 

And therefore 21 + -#= -x, by the question, 

That is 63+*= |s, or 126+2*=3s, 

Consequently 3x — 2x=126, or x=126, the number of 
gallons required. 

7. What fraction is. that, to the numerator of which if 
1 be added, its value will be -, but if 1 be. added to the 

denominator, its value will be - 

4 

Let the fraction required be represented by -, 
Then = --, and — ;— - = T , by the question. 

y 3 sf+* 4 

ff+I 
Hence 3ap+3=y, and 4a:=y+l, or x= £JL_ y 



•i 



Therefore 3(^ti)+3=y, or 3y+3+12=s4y, 

That is y=15, and *=*--— = — 7 — = — = 4. 

4 4 4 

':.* 4 

Whence the fraction that was to be found, is—. 

15 

• • 

8. A market woman bought in a certain number of 
eggs at 2 a penny,, and as many others at 5 a penny, 
and having sold them out again, altogether, at the rate 
of 5 for 2d., found she had lost Ad. ; how many eggs bad 
»be? 

Let*» the number of eggs of each ort, 

K2 
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Then will- a?= the price of the first sort, 

And -*= the price of the second sort, 
■ 3 

But 6:2 : : 2x (the whole number of eggs) : — , 

6 
Ax 
Whence -— = the price of both sorts, when mixed 

5 

together at the rate of 5 for 2i., 

1 1 4x 

And consequently ^c+ -x — — =4, by the question, 

2 3 O 

That is lbx+lOx — 24x=120, or a;=120, the num- 
ber of eggs of each sort, as required. 

9. If a can perform a piece of work in 10 days, and b 
in 13 ; in what time will they finish it, if they are both 
set about it together ? 

Let the time sought be denoted by x, 

x 
Then — = the part done by a in one day, 

And — = the part done by b in one day, 

XX 

Consequently —+75 =1 (the whole work). 

1U ( lo 

That is 1 3*+ 1 Otf = 1 SO, or 23x= 1 30, 
Whence x=z — ™=5 — days, the time required. 

10. If one agent a, alone, can produce an effect «, in 
the time a, and another agent b, alone in the time 6 ; \* 
what time will both of them together produce the samp 
effect? 

Let the time sought be denoted by or, 

ex ' ■ 

Then a : e : : x : — = part of the effect produced 

And b : e : : x — = part of the effect produced by b, 
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Hence — +— =e (the whole effect) by the question, 
Or — (-- = 1 by dividing each side by e, 

CLX 

Therefore x + — *= a, or 6x+<w:=aft> 

6 

Consequently a?= — rr 5 ^ t* me rehired. 

a+6 

11. How much rye at 4*. 6d. a bushel, must be mixed 
with 60 bushels of wheat, at 6s. a bushel, so that the mix- 
ture may be worth 5*. a bushel ? 

Let£= the. number of bushels required, 
Then 9x is the price of the rye in sixpences, 
And 600 the price of the wheat in ditto, 
Also (50+x) X 10 the price of the mixture in ditto, 
Whence 9a: +600= 500+1 Or, by the question 
Or, by transposition, 10ar — 9x=600--500, 
Consequently #=100 the number of bushels required. 

12. A labourer engaged to serve for 40 days, on con- 
dition that for every day he worked he should receive 
20i., but for everyday he was absent he should, forfeit 
8d., : now at the end of the time, he had to receive 
1/. 1 Is. Qd. ; how many days did he work, and how many 
was he idle ? 

Let the number of days that he worked be denoted 

by*, 

Then will 40^-* be the number of days hfe was idle, 

Also 90x the sura earned, and (40*-x)X8. . 

Or 320 — 8a; the sum forfeited, , v *tf 

Whence 20x-(320— 8a?)== 380rf.(= 1/. 11*. 

the question, 

That is «0*,-*320+8a;=380, ._. ^ 

Or 283=380+320=700, .^fiS# " 

700 W . 

Consequently x ^—Sg = 2 $> the number, ordays he 
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worked, and 40— £—40—25=15, the number of day* be 
was idle. 



QUESTIONS FOR PRACTICE. 

1. It is required to divide a line, of 15 inches in lengtb, 
into two such parts, that one may be three fourths of the 
other. Ans. &} and 1% 

2. My purse and money together are worth 20s. and 
the money is worth 7 times as much as the purse, how 
much is there in it ' Ans. 17*. 64. 

3. A shepherd, being asked how many sheep he had ia 
his flock, said, if I had as many more, half as many more, 
and 7 sheep and a half, I should have just 500 ; how 
many had he ? Ans. 197* 

4. A post is one fourth of its length in the mud, ods 
third in the water, and 10 feet above the water ; what is 
is its whole length ? Ana. 24 fret 

5. After paying away - of my money, and then — of the 

remainder, I had 72 guineas left ; what had I at first? 

Ans. IfjBI guineas 

6. It is required to divide 3001 between a, b, and c, 
so that a may have twice as much aa b, and c as much m 
a and b together. Ans. a 100/., b 60f., c 160L 

7. A person, at the time he was married,' was 3 tiajfes 
as old as his wife ; but after they had lived together lift i 
years, he was only twice as old ; what were their ages oa ■! 
their wedding day ? - J 

Ans. Bride's age 15, bridegroom's 46 -m 

8. What number is that from which, if 5 be subtracte&V ' 
two thirds of the remainder wiH be 40 ? Ans. .66 

9. At a certain election, 1296 persons voted, and the 
successful candidate had a majority of J.20 ;. how many 
voted for each ? 

Ans. 708 for one, and 688 for the other 
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10. A's age is double of b's, and b's is triple of c's, 
and the sum of all their ages is 140 ; what is the age of 
each ? Ads. a's 84, b's 42, and c's 14 

1 1 . Two persons, a and b, lay out equal sums of mo* 
ney in trade ; a gains 1262. and b loses 87/., and a's money 
is now double of b's ; what did each lay out ? 

Ans. 300/. 

12. A person bought a chaise, Horse, and harness, for 
60/. ; the horse came to twice the price of the harness, 
and the chaise to twice the price of the horse and har- 
ness ; what did he give for each ? 

Ans. IS/. 6s. Bd for the horse, 61. 13s. Ad. 
for the harness, and 40/. for the chaise 

13. A person was desirous of giving 3d. apiece to some 
beggars, but found he had not money enough in his pocket 
by 8c/., he therefore gave them each 2t/. : and had then 
3d. remaining ; required the number of beggars ? 

Ans. 11 

m 

14. A servant agreed to live with his master for 82. a 
year, and a livery, but was turned away at the end of 
seven months, and received only 2/. 135. Ad. and his li- 
very ; what was its value ? Ans. 4/. 1 6s. 

15. A person Ifift&QL between his son and daughter, 
in such a maintop ||ial for every half crown the son 
should have, the daughter was to have a shilling ; what 
were their respective shares ? 

Ans. Son 400/., daughter 160/. 

16. There is a certain number, consisting of two places 
of figures, which is equal to four times the sum of its di- 
gits ; and if 18 be added to it the digits will be inverted ; 
what is the number ? Ans. 24 

17. Two persons, a and b, have both the, same income; 
a saves a fifth of his yearly, but b, by spending 60/ per 
annum more than a, at the end of four years, finds him* 

# self 100/. in debt ; what was their income ? 

\ task. Yltk 
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• 

18. When a company at a tavern came to paj their 
reckoning, they found, that if there had been three persons 
more, they would have had a shilling apiece less to pay, 
and if there had been tiro less, they would have had a shil- 
ling apiece more to pay ; required the number of person, 
and the quota of each ? 

Ans. 12 persons, quota of each 5*. 

19. A person at a tavern borrowed as much money h 
he had about him, and out of the whole spent It. ; be 
then went to a second tavern, where he also borrowed si 
much as he had now about him, and out of the whole 
spent It. ; and going on, in this manner, to a third and 
fourth tavern, he found, after spending his shilling at the 
latter, that he had nothing left ; how much money had he 
attirst? Ans. ll{d. 

20. It is required to divide the number 75 into two such 
parts, that three times the greater shall exceed seven 
times the less by 15. Ans. 54 and 21 

21. In a mixture of British spirits and water, £ of the 
whole plus 25 gallons was spirits, and £ part minne 5 gal- ' 
Ions was water ; how many gallons were there of each ! ' 

Ans. 85 of wine, and 35 of water 

22. A bill of 120/. was paid in guineas and moideres, 
and the number of pieces of both wto that were used 
were just 100 ; how many were there of each, reckon- 
ing the guinea at 21s., and the moidore at 27*. ? \ 

Ans. 60 

23 Two travellers set out at the same time from Lon- 
don and York, whose distance is 197 miles ; one of then 
goes 14 miles a day, apd the other 16 ; in what time will 
they meet ? Ans. 6 days 13f houn. 

24. There is a fish whose tail weighs 9/6., his head 
weighs as much as his tail and half his body, and his body 
weighs as much as his head and his tail ; what is the whole 
weight of the fish ? . Ans. 7VL % 

?&. It is required to divide t£e number 10 into three 
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such parte, that, if the first he multiplied by 2, the se- 
cond by 3, and the third by 4, the three products shall be 
all equal. Ans. 4 T \, S T ^, and 2 T 4 ¥ 

26. It is required to divide the number 66 into three 
such parts, that £ the first, £ of the second, and £ of the 
■third, -rthall be all equal to each other. 

Ans. The parts are 8, 12, and 16 

27. A person has two horses, and a saddle, which, of 
itself, is worth 50Z. ; now, if the saddle be put on the 
back of the first horse, it will make his value double that 
of the second, and if it be put on the back of the second, 
it will make his value triple that of t the first : what is the 
value of each horse ? Ans. One 30J. and the other 40/. 

'28. If a gives b 5s. of his monev, b will have twice as 
much as the other has left ; and if b gives a 5s. of his mo- 
ney, a will have three times as much as the other has left ; 
how much had each ? Ans. a 13s. and b lis. 

29. What two numbers are those whose difference, 
sum and product, are to each other as the numbers 2, 3, 
and 5, respectively ? Ans. 10 and 2 

30. A person in play lost a fourth of his money, and 
then won back 3s., after which he lost a third of what he 
now had, and then won back 2s. ; lastly, he lest a seventh 
of what he then had, and after this found he had but 12s. 
remaining ; what had he at first ? Ans. 20s. 

31. A hare is 50 leaps before a greyhound, and takes 
4 leaps to the greyhound's 3, but 2 of the greyhound's 
leaps are as much as 3 of the hare's how many leaps 
must the greyhound take to catch the hare ? 

Ans. 300 

32. It is required to divide the number 90 into four 
such parts, that if the first part be increased by 2, the se- 
cond diminished by 2, the third multiplied by 2, and the 
fourth divided by 2, the sum, difference, product, and 
quotient, shall be all equal ? 

Ans. The parts are 18, 22, 10, and 40 
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33. The quotient and remainder of a sum in divUioa 
are, each, 21 ; and the divisor is 7 less than their sum: 
what is the number to be divided. Ana. 1950 

34. A man and his wife usually drank out a cask of beer 
in 12 days, but when the man was from home it lasted the 
woman 30 days ; how many days would the man alone be 
in drinking it ? Ans. SO day* 

35. A general, ranging his army in the form of a solid 
square, finds he has 284 men to spare, but increasing the 
side by one man, he wants 25 to fill up the squate ; how 
many soldiers had he ? Ans. 24000 

36. if a and b together can perform a piece of work in 
8 days, a and c together in 9 days, and b and c in 10 days, 
how many days will it take each person to perform the 
the same work alone ? 

Ans. a 14f } days, b 17|f , and c 23/r 



QUADRATIC EQUATIONS. 

A quadratic equation, as before observed, it that 
in which the unknown quantity is of two dimensions, or 
which rises to the second power ; and is either simple or 
compound. ' 

A simple quadratic equation, is that which contains 
only the square, or second power, of the unknown quan- 
tity, as 

b b 

ax 2 =6, or x* = - ; where x==*/ — 

d a 

A compound quadratic equation, is that which contains 
both the first and second power of the unknown quanti- 
ty ; as 

i» be 

flar a +to=c, or a^-J--^ 2 ^* 

a a 

In which case, it is to be observed, that every equation 
of this kind, having any real positive root, will fall under 
one or other of the three following forms : 
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1. x*+ax=*b . • . where *=— -±.v/(— r+ftj- 

2. ** -£a?=ft . . . where ar=4-x±v /f ( - 5-+0- 

3. x 2 — aac=— ft . . where x=+ o~\/( — — ')• 

Or, if the second and last terms be taken either posi- 
tively or negatively, as they may happen to be, the gene- 
ral equation 

o« a ±ftrc=±c, or 3 a ±-a;=±- 

a a 

which comprehends all the three cases above mentioned, 

may be resolved by means of the following rule : 

RULE. 

Transpose all the terms that involve the unknown 
quantity to one side of the equation, and the known terms 
to the other ; observing to arrange them so, that the term 
whieh contains the square of the unknown quantity may be 
positive, and stand first in the equation. 

Then, if. this square has any coefficient prefixed to it, 
let all the rest of the terms be divided by it, and the 
equation will be brought to one of the three forms above- 
mentioned. 

In which case, the value of the unknown quantity x is 
always equal to half the coefficient, or multiplier of x, in 
the second term of the equation, taken with a contrary 
sign, together with ± the square root of the square of this 
number and the known quantity that forms the absolute, 
or third term, of the equation, (c) 



(c) This rule, which is more commodious in its practical appli- 
cation, than that usually given, is founded upon the same princi- 
ple ; being derived from the well known property, that in any 
quadratic 

r3 + ax= + b 9 if the square of half live caeffi«ta.?&. <* 

Li 
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Not*. All equations, which have the index of the un- 
known quantity, in one of their term*, just doable that 
of the other, are resolved like quadratics, by first finding 
the value of the square root of the first term, according 
to the method used in the above rule, and then taking such 
a root, or power of the result, as is denoted by the re- 
duced index of the unknown quantity. 

Thus, if there be taken any general equation of this 
kind, as 

x am +ax m =6, 

we shall have, by taking the square root of x tm 9 and ob- 
serving the latter part of the rule, 



of the second term of the equation be added to each of its sides, 
so as to render it of the form 

that side which contains the unknown quantity will then be a 
complete square j and, consequently, by extracting the foot of 
each side, we shall hare 



which is the same as the rule, taking a and b in + or — . aa they 
may happen to be. 

It may here, also, be observed, that the ambiguous sign ±, 
which denotes both + and — , is prefixed to the radical part of 
the value of x in every expression of this kind, because the square 
root of any positive quantity, as a*, is either +a or— a ; for(«f«) 
X (+«), or ( — a)X( — a) are each — + a* : but the square root 
of a negative quantity, as — 02 9 is imaginary, or unassignable, 
there being no quantity, either positive or negative, that, whea 
multiplied by itself, will give a negative product 

To this we may also further add, that from the constant occur- 
rence of the double sign before the radical part of the above ex- 
pression, it necessarily follows, that every quadratic equation 
mu^ have two roots ; which arc either both real, or both imagin- 
ary, according to the nature of the question. 
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And if the equation, which is to be resolved, be ot the 
following form 

s m — <tx*=b f 

we shall necessarily have, according to the same prin- 
ciple, 



EXAMPLES. 



1. Given x a +4x=14Q, to 6nd the value of x. 
Here x a +4x=140, by the question, 

Whence x= — 2± v /4+l40, by the rule, 
Or, which is the same thing, x= — 2± v /144, 
Wherefore a= -2+12=10, or —2— 12= -14, 
Where one of the values of x is positive and the other 
negative. 

2. Given x a — 12x+30=3, to find the value of z. . 
Hereo: a -:12a;==2br30=— 27, by transposition, 

Whence oc=6^\^— -27, by the rule, 
v Or, which is the same .thing, -o?=6±^/9 y 
Therefore #=6+3=9, 'or =6 - 3=3, 
Where it appears that x has two positive values. 

3. Given 2s a +8aF — 20=70, to find the value of x. 
Here 2a: a +8:»=70+20=90,'by transposition, 
And s a +4a;=45, by dividing by 2, 

Whence s=— 2± v /4+45, by the rule, 
Or which is the same thing, &=— 2± v /49, 
Therefore a=— 2+7=5, or =—2-7=— 9, 
Where one of the values of x is positive and the other 
negative. 

4. Given 3x a — 3a?+6=6£, to find the value of x. 

2 
Here 3x a — 3:r==5£— 6=— - by transposition 
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2 
And x* — rc=— - by dividing by 3, 

*/ 

1 12 

Whence x=-± v /( — -V by the rule, 

2 111 

Or, by sibtracting - from -, s= - ± ^ — , 

Therefore x=- 4- - = -, or = -— - = -, 

2^6 3' 2 6 3* 

In which case x has two positive values. 

6. Given i x* — -x+20J=42f to find the value of x. 
2 8 

Herel* a - Ix=42f f -20J=22£ by transposition, 

2 1 

And s a — —a; =44£, by dividing by -, or multipli- 

ed by 2, 

Whence we have s= - ±y/(^ +44$), by the arte, 

Or, by adding - and 44| together, rr= - dfc^/---, 

y 3 

Therefore *= ^ +6|=7, or = I -6$=- 6$, 

Where one value of x is positive, and the other ne- 
ative. 

6. Given ttr a +&E=c, to find the value of x. 

b c 
Here x 2 + - rr= - by dividing each side by a. 
a a . 

Whence, by the rule, x=-. — ±*/f U V). 

J 2a v Ma a ^a' 9 

Or, multiplying c and a by 4a, & = ± v / "' - c y 

2o 4a s 

Therefore *=- A ±^^47^4^. 



» 
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7. Given ax 2 — bx+c**d, to find the value of x. 

Here ox a — bx—d— c, by transposition, 

6 d— c 
And x J — - ac= by dividing by (*. 

Whence .,. jL ±V f ( *=5 + |L) b y (he rde, 

Or, mult* d-c fc a by 4a>x=—±—^4a(d-c)+b* 

8. Given x*+ax*=*b, to find the value of x. 

Herex^-Hrx*^, by the question, 

Or *• = •-|± a /^-+83*-J*i s /(a»+4*), V the 

rule, ^ 

Whence «=±v/(-.- ± - ^/46+a* ) hy extraction of 
roots. 

9. Given -x • — -x 3 = - — , to find the value of a?. 
Here -j»^--««s±-. — , by the question, 

* 41 33S 

And x e — - x»= — — > by multiplying by 2, 

Whence x 3 = -±-v/(jg*jg)i^oythe rule, 

^1 2 1 
And consequently xssJy/ -= Vo^sV^ 

10. Given 2x*+3x* =2, to find the value of x 

Here 2*» +3x* =2, by the question, 

L2 
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And ar-f--ar=l, by dividing by 2, 

z 

Whence **=- *±^(±+l)=-?±^, or- 2, 

Therefore **=(i)»=i, or (-2) 3 = -8. 

11. Given * 4 — 12s 3 +44x» -48x= 9009(a), to find the 
value of x. 

This equation may be expressed as follows, 
(x* - 6a?) 2 + 8(s a - 6ar):aq, 
Whence x a — 6x=— 4±^/16+0| by t he comm on rule, 
And, by a second operation, *=3± v /9— 4± v /^16+«) 
Therefore, by restoring the value of a, we have 

ac=3± v /(5± v /9026) 
Or, by extraction of roots, »=13, the Ans. 

EXAMPLES FOR PRACTICE, (d) 



1. Given x a - 8s+10=19, to find the value of *. 

Ads. x=9 

2. Given x*— x— 40— 170, to find the value of x. 

Ans. x=15 

3. Given 3x»+2x-9=76, to find the value of x. 

Ans. x=6 

1 1 

4. Given -x fl --x +7^=»8, to find the value of x. 

2 «3 

Ans. ar=H 



(d) The unknown quantity in each of the following examples, 
as we'l as m those given above, has always two values, as ap- 
pear from the common rule ; but the negative and imaginary 
roots b-ii.g, in general, but seldom used in practical questions of 
this kind, are here suppressed* 
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6. Given i — - v /a:==22 i» to &"* the value of jc. 

Ans. x=49 

6. Given x+y/bx+ 10=8, to find the value of #. 

Ans. se=3 



7. Given y/W+x-\/10+x=2, to find the value of*. 

Ans. 2=6 

S. Given 2x 4 —a: 2 +96=99, to find the value of x. 

Ans. x=-a/6 
2 V 

9. Given *°-f20o; 3 — 10=59, to find the value of x. 

Ans. x=?/3 

10. Given 3s 8 *— 2x*+3=ll, to find the value of or. 

Ans. 3=^/2 

11. Given 5^/a:— 3^/«=l -, to find the value of x. 

o 

Ans. 3— -or — 
81 81 

2 ^ 12 

12. Given -x^/3+2x* =g+x * a f to find the value of x. 

1 

Ans. s= - ^/( - 3+3^2) 
* 

(6 >. 14-a: 1 
- -x )— — to find the value of x, 
x J ^/x 

Ans. ^=(1+1^2)* 



1 



14. Given -a/1 -o; 3 =ir 2 , to find the value of x. 
x 

1 .. Ul 
2< 



Ans. x=Qs&- i) 3 



15. Given Xy/[ 1^^/^ 3 — 6 3 ), to find the value 

x 

° f Xm Ans. x=ia+- y/ 86^ +a 3 



$U01 Z h te W"d to «., *»*»t*D 

; 70 ** pot f * «fce rnie, 
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16. Given y/l+x-x* — 2(l+x-x*)=~ 9 to find fte 
value of x. Ana. a^s+gi/** 

17. Given \/(a;-,i)+^/(l —)=*, to find the value 
of rr. Ans. «=J + |^/5 

18. Given x«»-2s s "+a: n =6, to find the valu e "of x. 

Ans. *=5/4+J 1 /13 



QUESTIONS PRODUCING QUADRATIC 

EQUATIONS. 



The methods of expressing the conditions of questions 
6i this kind, and (be consequent reduction of them, fiH 
they are brought to a quadratic equation, involving only 
one unknown quantity and its square, are the same as 
those already given for simple equations. 

1 . To find two numbers such that their difference shaB 
Ire 8, and their product 240. 

Let x equal the least number. 
Then will a: +8— the greater. 
And x(x-r-8)=£ a +8:c=240, by the question, 

Whence *= — 4+^16-1-240= — 4+^256, by the com- 
mon rule, before given, 
Therefore s= 16— 4=12, the less number, 
And .r+8= 12+8=20, the greater. 

2. It-is required to divide the number 60 into two such 
parts, that their product shall be 8B4. 

Let :r=the greater part, 

Then will 60-.r=the less, 

And ar(60 - x) =60#- x a —86 4, by the question, 

Or by changing the signs on both sides of the equation 

x 8 -60a;=-864, 
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Whence 3=30^^(900-^864) =30;fe v /36=30±6, by 

the ri^e, 
And consequently a=30+6=36, or 30 — 6=24, the two 

part? sought. 

3. It is required to find two numbers such that their 
sum shall be 10(a), and the sum of their squares 58(6). 

Let 2==the greater of the two numbers, 

Then will a— rc=the less, 

Andx 2 +(a-x) a =2x 2 -.2<i:r+4 fl =&, by the question, 

Or 2x a — 2ax=fc-a 2 , by transposition, 

And x* - ax= --~ » hy division. 

« 

« . ~ /O 2 . 6— a 3 N a , 1 



Whence s= ^±y( f _+I_Jl ^-^fc^ 2 *-* 8 

by the rule, 
And if 10 be put for a, and 68 for b 9 we shall have 



10 . 1 



tf= — +PV/H6— 100=7, the greater number, 
And 10—*= ^-.1/116-100=3, the less, 

4. Having sold a piece of cloth for 241., I gained as 
much per cent, as it cost me ; what was the price of the 
cloth ? 

Let z= pounds the cloth cost, 

Then will 24-~£= the whole gain, 

But 100 : x : : x : 24— x, hjr the question. 

Or x* =100(24— a?)=2400- 100a:, 

That is, a?Hrl00«=«400, 

Whence s=- 60+y 2600+2400= -60+70=20 

oy the rule, 

And consequently 2&<=price of the cloth. 
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5. A person bought a number of sheep for 80/., and if 
he had bought 4 more for the same money, he would hfn 
paid 1/. less for each ; how many did he buy ? 

Let x represent the number of sheep, 

CQ 

Then will — be the price of each* 

x 

80 
And—— *=price of each, if x+4 cost 80/. 

But — =— r-7 +1, by the question. 

x x+4 

Or 80= -xI^" a:, ty multiplication, 

And 80x+320=80a;+x a +4*, by the same, 
Or, by leaving out 8 0s on e ach side* x* +4ar=320, 

Whence *=— 2+^4+320= -2+18, by the rule, 
And consequently x=16, the number of sheep. 

6. It is required to find two numbers, such that their 
sum, product, and difference of their squares, shall be 
all equal to each other. 

Let x=the greater number, and y= the less, 

Then \ 1+1=?' -y' I b * ** ( * ue9fion - 
Hence 1=~ — ^-==&-y, or x=y+l, by 2d equation. 

And (y+ l)+y=y(y+ 1) by 1st equation, 
That is, 2y+l=y»+y ; or y» -y=l, 

Whence y=i+y(I+l) =1+1 y$, by the rule, 

Therefore y =^ + i y5= 1 .6 1 80 . . . 

And x=y+l= 1 + 1^/5=2.6180 . . . 
Where . • . denotes that the decimal does not end. 
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7. It is required to find four numbers in arithmetical 
progression, such that tbe product of the two extremes 
shall be 45, and the product of the means 77. 

Let £= least extreme, and y= common difference, 
Then x, s+y, *+£y, and x+3y, will be the four num- 
bers, 

Hence \ f^KT ^IT'L a , J by the ques- 
tion, 

And 2y a =77— 46=32, by subtraction, 

32 
Or y a = — = 16 by division, and #=^16=4, 

Therefore a; a +3a:y=a: a + 12ar=45, by the 1st equation, 
And consequently s=— 6+ </ (36 + 45) = — 6+9=3, 

by the rule, 

Whence the numbers are 3, 7, 11, and 15. 

8. It is required to find three numbers in geometrical 
progression, such that their sum shall be 14, and the 
sum of their squares 84. 

Let x, y, and z be the three numbers, 

Then xz=y 2 t by the nature of proportion, 

And jSf tf+zlLs* \ h y the q^stion, 

Hence ac+^= 14— y, by the second equation, 

And * 2 +22H-2 a =196— 28y+y a , by squaring both 

sides, 

Or z a +* a -f-2y B = 196 -28y+y a by putting 2y a for 

its equal 2x2 9 

That is s a +y 2 +z* =196 — 28y by subtraction, 

Or 196— 28y=84 by equality, 

Hence y= — ~ — =4, by transposition and division, 

16 
Again ar2=y a =16, or x= — , by the 1st equation, 
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**" i fi 

And x+y+z= 1-4+^=14, by the 2d equation, 

z 

Or 16+4*+** =14*, or** — 10*=-. 16, 

Whence *=&±.v/25- 16=6±3=8, or 3 by the role, 

Therefore the three numbers are 2, 4, and 8. 

9. It is required to find two numbers, such that their , 
sum shall be 13(a), and the sum of their fourth powen 
4721 (6). 

Let g= the difference of the two numbers sought, 

1 1 aA-x 

Then will -o+-x,or — - = the greater number, 

And -a— -a, or — — = the less, ' 

2 2 2 

But £+£ + ^ =6, by the que.tt«, 

Or (a+x)«+(a-a;)« = 16&, by multiplication, 
Or 2a* + 12a*a:*+2a;« = 16&, by involution and additioo, 
- And a;«+6a*a:*=86-aS by transposition and division, 

Whence x* ■=— 3o a +< i /9a«+86— a* =— -3a« + • 

^/8(a4+6), by the rule, 



And 0?=^/— 3a 2 +2^/2(0* +6), by extracting the root, 

Where, by substituting 13for o, and 4721 for 6, 

we shall have x=3, 

Therefore — Zf=_==8, the greater number, 

And — - — =—-=5, the less number, 

2 2 * ■ 

' The sum of which is 13, and 8 4 +5 4 =472l. 
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QUESTIONS FOR PRACTICE. 

1. It is required to divide the number 40 into two such 
parts, that the sum of their squares shall be 818. 

Ans. 23 and 17 

2. To find a number such, that if you subtract it from 
10, add then multiply the remainder by the number itself, 
the product shall be 21. Ans. 7 or 3. 

3. It is required to divide the number 24 into two such 
parts, that their product shall be equal to 35 times their 
difference. Ans. 10 and 14 

4. It is required to divide a line, of 20 inches in length, 
into two such jparts that the rectangle of the whole and 
one of the parts shall be equal to the square of the other. 

Ans. 10^/5-10 

5. It is required to divide the number 60 into two such 
parts, that their product shall be to the sum of their squares 
in the ratio of 2 to 5. Ans. 20 and 40 

6. It is required to divide the number 146 into such two 
parts, that the difference of their square roots shall be 6. 

Ans. 25 and 121 

. 7. What two numbers are those whose sum is 20 and 
their product 36 ? Ans. 2 and 18 

8. The sum of two numbers is 1£, and the sum of their 
reciprocals 3| ; required the number*. Ans. £ and £ 

9. The difference of two numbers is 15, and half their 
product is equal to the cube of the less number ; required 
the numbers. Ans. 3 and 18 

10. The difference of two numbers is 6, and the differ- 
ence of their cubes 1685 ; required the numbers. 

Ans. 8 and 13 

11. A person bought cloth for 33/. 159. which he 
sold again at 2/. 8s. per piece, and gained by the bargain 
as much as one piece cost him ; required the number of 
pieces. Kfc&* Vo 

M 
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12. What two numbers are those, whose sum, multi 
% plied by the greater, is equal to 77, and whose difference, 

multiplied by the less, is equal to 12. Ana. 4 and 7 

13. A grazier bought as many sheep as cost him 601., 
and after reserving 15 out of the number, sold the re- 
mainder for 54/., and gained 2s. a head by them : how 
many sheep did he buy ? Ana. 75 

14. It is required to find two numbers, such that their 
product shall be equal to the difference of their sclera, 
and the sum of their squares equal to the difference of 
their cubes. Ans. \^/b and j-(6+^/5) 

15. The difference of two numbers is 8, and the dif- 
ference of their fourth powers is 14560 ; required the 
numbers. Ans. Sand 11 

16. A company at a tavern had 8/. 15s. to pay for their 
reckoning ; but, before the bill was settled, two of them 
went away ; in consequence of which those who re- 
mained had 10s. apiece more to pay than before : how 
many were there in company ? Ans. 7 

17. A person ordered 7/. 4s. to be distributed among 
some poor people ; but, before the money was divided} 
there came in, unexpectedly, two claimants more, by 
which means the former received a shilling a piece leu 
than they would otherwise have done ; what was their 
number at first ? Ans. 16 persons 

18. It is required to find four numbers in geometri- 
cal progression such, that their sum shall be 15, and the 
sum of their squares 85. Ans. 1, 2, 4, and 8 

19. The sum of two numbers is 11, and the Sam of 
their fifth powers is 17831 ; required the numbers ? 

Ans. 4 and 7 

20. It is required to find four numbers in arithmetical 
progression such, that their common difference shall be 
4, and their continued product 176985. 

Ans. 15, 19, 23, and 27 
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21. Two detachments of foot being ordered to a sta- 
tion at the distance of 39 miles from their present quar- 
ters, begin their march at the same time ; but one party, 
by travelling £ of a mile an hour fiurter than the other, 
arrive there an hour sooner ; required their rates of 
marching ? Ans. 3£ and 3 miles per hour 

22. It is required to find two numbers, such that the 
square of the first plus their product, shall be 140, and 
the square of the second minus their product 78. 

Ans. 7 and 13 



OF CUBIC EQUATIONS. 



A cubic equation is that in which the unknown quan- 
tity rises to three dimensions ; and like quadratics, or 
those of the higher orders, is either simple or com- 
pound. 

A simple cubic equation is of the form 

b . b 

ax 9 =6, or a 3 —-; where a:=J/- 

a a 

A compound cubic equation is of the form 

3 3 +aa:=£, x*-\-ax*=b % or x*-\-ax* +bx*=c> 
in £ach of which, the known quantities a, 6, c, may be 
ehher -f or — . 

Or, either of the two latter of these equations may be 
reduced to the same form as the first, by taking away 
its second term ; which is done as follows : 



I RULE. ^--.^ 

Take some new unknown quantity, and subjoin to it a 
third part of the coefficient of the second term of / the 
equation with its sign changed ; then if this sum or Jif- 
ference, as it may happen to be. be substituted for the 
original unknown quantity and its powers \& tat ^t*- 



■ / 
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posed equation, there will arise an equation wanting to 
second term. 

Note. The second term of any of the higher orders of 
equations may also be exterminated in a similar manner, 
by substituting for the unknown quantity some other un- 
known quantity, and the 4th, 5th, &c. part of the co> 
efficient of its second term, with the sign changed, ac- 
cording as the equation is of the 4th, 5th, &c. power. 



EXAMPLES. 



1. It is required to exterminate the second term of the 
equation a 3 +3aa; 3 =&, or x*-\-3ax 2 — 6=0. 

Here a=z— . — z~ a, 

3 

s 3 =z 3 _ 3 a ^2 4.3a 3 * - a 3 

Then { 3ax*= +3az a -6a 3 *+3a* 



Whence z 3 — 3a 3 z+2a 3 -. 6=0, 

Or *3-.8a a *=6-2a 3 , 

in which equation the second power (z 3 ), of the unknown 
quantity, is wanting. 

2. Let the equation a 3 — 12# 3 +3o;=— 16, be trans- 
formed into another, that shall want the second term. 

Here x=z+4, 

i (z+4) 3 =z 3 + 12z 3 +48z+64 

Then { — 12(z-f4) 3 =— 12z 3 -96z-192 
I +3(z+4)= +3* +12 

Whence z 3 — 45z— 116=— 16 

Orz 3 — 45z=100 

which is an equation where z 3 , or the second term, is 
wanting, as before. 



r 
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3. Let the equation rr 3 — 6x 2 =10, be transform?* iato 
another, that shall want the second term. 

Ads. y 3 -12y=26 

4. Let y 8 — 15y 2 +81tf=243, be transformed into an 
equation that shall want the second term. - 

Ans. s 3 +6*=»88 

3 7 9 

5. Let the equation # 3 -J — x a +--x =0, be trans- 

n 4 8 16 

formed into another, that shall want the second term. 

Ans. y*+—y=- 

6. Let the equation &r 3 — 3x a -f 4z— 6=0, be trans- 
formed into another, that shall want its second term. 



OF THE SOLUTION OF CUBIC EQUATIONS. 

RULE. 

Take away the second term of the equation when ne- 
cessary, as directed in the preceding rule. Then, if the 
numeral coefficients of the given equation, or of that 
arising from the reduction above mentioned, be substi- 
tuted for a and b in either of the following formulae, the 
result will give one of the roots, as required. 

or 

Where it is to be observed, that when the coefficient «, 
of the second term of the above equation, is negative, 

— , as also -, in the formula, will be negative ; and if 

M a 



126 CUBIC EQUATIONS. 

the absolute b be negative,-, in the formula, will, alio, be 

negative ; but — will be positive, (e) 

It may, likewise, be remarked, that when the equatioa 
is of the form 

x 2 —ax — +b 



(e) This method of solving cubic equations is usually ascribed 
to Cardan, a celebrated Italian analyst of the 16th century ; bat 
the authors of it were Scipio Ferreus, and Nicolas Tartalea, who 
discovered it about the same time, independently of each othefj 
as is proved by Montucla, in his Uutorire de» Mathematiquc*, Vol. 
T. p. 568, and more at large in Hutton's Mathematical JOictionar^, 
Art. Algebra. 

The rule above given, which is similar to that of Cardan, may 
be demonstrated as follows : 

Let the equation, whose root is required, be x3+axmm&. 
And assume y+a — x, and 3ys — — a. 

Then, by substituting these values in the given equation, we shall 
havens +3^2 *+3y3* +s 3 +<iX(y+*)-y 3 +* 3 +3y*xCy+*)+ffX 
( r f.s)«y3+ 2 3-aX(y+*)+aXto+*W» or 

y3-fs 3 =£« 

And if, from the square of this last equation, there be taken 4 
times the cube of the equation ys— — J-a , we shall have ys— 2yS*» 
^. z t —62 .f.^1,3, or 

But the sum of this equation aod y 3+Z3e»^ * lg ?y3 =&f ^(P-f 
.^ <j3) and their difference is 2x*sszb— 1/ (Z>a-j- 4 a 3) j whence 

z/ssJ/^+v^d^+^as), and z«= fy j*^v(io* +j\a*). 
Fr.-m whi ch it app ears, that y+z, or its equal x, is ss 

J'iA+^(^ 2 +frfl 3 ")+ 3 /i*- •M^+¥Tfl a )f ^bich is the the©, 
rem. 

Or, since z is = — — -, it will be y+z=y— -—, orors 
3y 3y 

&T*+V(V>*+?W * a the same at the 

rule. 
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a 3 b* 

and — is greater than — , or 4a 3 greater than 276 s , the 

solution of it cannot *be obtained by the above rule ; as 
the question, in this instance, falls under what is usually 
called the Irreducible Case of cubic equations. (/) 



EXAMPLES. 



1. Given 2s 3 — 12ac a +36a:=44, to 6nd the value of x. 
Here s 3 - 6x* -J- 18s=22, by dividing by 2. 
And, in order to exterminate the second term, 

Put s=*+L=*+2, 

(z+2) 3 =2 3 + 6z*. + l2z+8 
— 6fz+2)»= -62* -24z-24 
18(2+2) = 18z+36 



Then 



=22 



Whence 2»+6H-20=22, or z 3 +6z=2, 
And, consequently, by substituting 6 for a, and 2 for b> in 
ihe first formula, we shall have, 

2/ 1 +, i /(i+ 8)+ 3 /i- ^(i+8)=yT4v9+ 

3yl-. <i /9 ==v /l+3+ 3 /l -3=3/4- s/2, 
Therefore x=z+2=? v /4- 3/2+2=2+1.687401 - 
1.269921=^2.32748, the answer. 



(/) It may here be farther observed, as a remarkable circum- 
stance in the history of this science, that the solution of the Irre- 
ducible Case above mentioned, except by means of a table of sines, 
or by infinite series, has hitherto baffled the united efforts o: the 
most celebrated mathematicians in Europe ; although it is -well 
known that all the three roots of the equation are, in this case, 
real ; Whereas, in those that are resolvable by the above formula, 
only one of the roots is real, so that in fact, the rule is only appli- 
cable to such cubics as have two impossible roots. 
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2. Given x* - 6x=12, to find the value of *. 

Here a being equal to —6, and 6 equal to 12, we shall 
have, by the, formula, 

V 6qr^ + __J__=» / (6+6.2?15)+ 

9 __ 2 

— 3/U.2915H ; — w^T-r ==: 2.2435+ 

3/(6+5.2916) ^ ^?/(11.2915) T 

— ? — =2.2435+.8957=3.1S92 
2.2435 

Therefore s=3.1392, the answer. 

3. Given x 2 -2rr=— 4, to find the value of ?• 

Here a being =-2, and 6= -4, we shall have, -by 
the formula, 

x=y{ -2+^/(4- 1)}+^{ -2-/(4-^)}, or 
by reduction, =V(- 2 +^v /3 )-M 2 +-q-v /3 )= 



3/ -2+ 1.9245 - 1/2+l.&t45 = fy — 0765— 

3/3.9245=— .4226— -1 5773=- 1.9999, op —8 

Therefore x=— 2, the answer, (g) 

JVbfe. When one of the roots of a cubic equation has 
been found, by the common formula as above, or in any 
other way, the other two roots may be determined, as 
follows : 

Let the known root be denoted by r, and put all the 



(g) When the root of the given equation is a whole number, 
this method only determines it by an approximation of 9s. in the 
decimal part, which sufficiently indicates the entire integer i but 
in most instances of this kind, its value may be more readily found, 
by a few trials, from the equation itsel£ 
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terms of the equation, when brought to the left ha 
side, =0 ; . then if the equation, so formed, be divid 
by arzpr, according as r is positive or negative, there w 
arise a quadratic equation, the roots of which will be t) 
other two roots of the given cubic equation. 

4. Given x 3 — 16x=4, to find the three roots, or v; 
ues of x. 

Here x is readily found, by a few trials, to be equal 
4, and therefore 

x—4)x 3 — 15x— 4(x* +4x+l 
x 3 — 4x a 



4x* — 15x 
4x a — lGx 



x— 4 

x-4 



Whence, according to the note above given, 
x* +4x+ 1 =0, or x 2 +4x= — 1 ; 
the two roots of which quadratic are -2-r v /3 anU " 
^.^3 ; and consequently 

4, —2+^/3, and -2-^3, 
are the three roots of the proposed equation. 

3. Given **+3*> -6x=8, to find the root of the eq 
tion, of the value of x. 

6. Given .•+*-*». to find the root of the equal. 



or the value of ar. f 

~. * ifl*i=.-200. to find the root ot 

7. Given x 3 — 48** ==*--* w, w " 3^=47 ! 

k equation, or the value of or. 

V G*en ,.-•*-«. to find the rootrf the ^jf 

KV *b e Ta,ue 0f .*! . .. ._.. *u- «*.» «f the equat 



or the value of #. 
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10. Given x 3 ~28x=24, to find the root of the equa- 
tion, or the value of x. Ans. x=*=5. 162277 

1 1. Given x 3 - \lx* +54x=360, to find the root of the 
equation, or the value of x. Ana. x=l 4.964068 



OF BIQUADRATIC EQUATIONS. 

A biquadratic equation, as before observed, is one that 
rises to the fourth power, or which is of the general form 

x*+ax*+bx*+cx+d=0. 

Or, when its second term is taken away, of the form 

a: 4 +bx* +cx+d=O f 

To which it can always be reduced ; and in that case, 
its solution may be obtained by the following rule : 

Find the value of z in the cubic equation 

*3 _ / * k*+d)z=-Lb*+lc* -hd 9 
M2 ^ ' 108 8 3 * 

and let the root thus determined be denoted bj r. 

Then find the two values of x, in each of the following 
quadratic equations. 

-(•{«C«-5*)})«=-(H-^-^{(r-l4»)«-rf>.- 



X 



and they will be the four roots of the biquadratic equa- 
tion required, (h) 



(/*) The method of solving biquadratic equations was first dis- 
covered by Louis Ferrari, a disciple of the celebrated Cardan, be- 



■r. 
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Or the four roots of the given equation, in this last 
case, will be as follows : 



EXAMPLES. 

1. Given x*+ 12a; — 17=0, to find the four roots of 
the equation. 

Here a=0, 6 = 0, c=12, and d=— 17 ; 



fore mentioned ; but the above rule is derived from thai given by 
Descartes in his Geometry, published in 1637, the truth of which 
may be shown as follows : 

Let the given or proposed equation be 

x*4-ax* +&e«f c«-0 

• 1 

and conceive it to be produced by the multiplication of the two 
quadratics 

* a +/>*+?— °> aT, d * 3 +r* +«s»0. 
Then, since these equations, as well as the given one, are each 
=0, there will arise, by taking their product, 

x 4 +(P+ r )** + (*+<?+pr)x* +(/&«-H/-)- r +y*=a;4 +«** +6x-f-c 
And, consequently, by equating the homologous terms of this 
last equation, we shall have the four following equations, 

t . : *: i>+r aB » 0; 8+q-+pr*=aj ps + qr-ubs qs—'c. 

or r— -j&5 » -f q=a + ps, *-?=»-, qtssc. 

P 
Whence, subtracting the square of the third of these from 
that of the second, and then changing the sides of the equation, 
we shall have 
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Whence, by substituting these numbers in the cubic 
equation 

we shall have, after simplifying the results, 

Where it is evident, by inspection, that*=l. 

And if this number be substituted for r, for &, and 
— 17 for d in the two quadratic equations in the above 
rule, their solution will give 

*=-K/2-v '-i+v/18= -^2-^ /-*+3, i /2 

Which are the four roots of the proposed equation ; the 
two first being real, and the two last imaginary* 



«a +2a/>* +/>4- * a =49*, or 4c; or />» +2a/>4+(aa — 4c)p* =b 

P* 
Where the value of p may be found by the rule before given foi 
cubic* equations. 

Hence, also, since ,+,= «+,>, and .-^ there vdll *** 

by addition and .subtraction, 

1 ,1 . b 1 . 1 , b 

where p being known, « and 9 are likewise known. 

And, consequently, by extracting the roots of the two assumed 
quadratics x2+/>x+7=0, and x^-f»r3c+«=0, or its equal*;.— Ja 
-^ *=0, we shall have 

* tp-tzs/UP 2 -9) ; *=J/>± s/Up* -,) ; 

which expressions* when taken in 4- and — , give the four roots 
of the proposed biquadratic, as was required. 

Where jt may be observed, that when p 9 in the above cubic 
equation, is rational, the question may be solved by quadratics* 



RESOLUTION or EQUATIONS. 13* 

2. Given **-65x* -30x+ 504=0, to find the fan 
roots, or values of x. Ans. 3, 7, 4 S Mid— S 

3. Given x*+2x»- 7x»-8x=— 12, to &ri -U ftrai 
roots, or values of x. Aih. j . *. 5. ^ _j 

4. Given x«— 8x*+14z«4-4x=fc s t:, £^ ^ t "f ra 
roots, or vataes of x. 

j - -^ - . .j + 

5. Given x« — 17x* — 80x— &=* tt fn,c -j* fw :wv» 
or values of x. 



6. Given x 4 -r7x*~l£fx*-i-5?kr--3£A#k 3 .«l ^ ir^i 
the four roots of the c^suaL. 

-MS. ■ -* *-- — .* 



7. Given x« — l£x*-J- !fr— 3«£. ti aec ti* fw 
of the equation. 



Eopanoss #f tike isfca IP*** . ts*t i**** f -f-*p 
dimensions, ciaswc *•* ****>**•* i* ^«; - j*. >» -* ^~- *--**■ 
formal*, tiaat las wt tew 4 W i4« mi i , *-ar>^ * ***»*? 




* 

* 



the coefficient* «f 0*s? *e»*^-«i ****** ^ « 
are rational ; ani, Jm saw x ra w n . **^ -». 
b j means of a aw trout 

In these casern, aWtrtsV^. *evinf«* *** 
some of Ike steal sjavsanri* v* asTWu^sj^wv «•*"* 
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which that commonly employed is the following* which 
is universally applicable to all kind* of numeral equations, 
whatever may be the number of their dimensions), and 
though not strictly accurate, will give the valueof the root 
sought to any required degree of exactness. 



KULC. 



Find, by trials, a number, nearly equal to the root 
sought, which \all r ; and let z be made to denote the 
difference between this assumed root, and the true 
root x. 

Then, instead of z, in the given equation, substitute 
its equal rdiz, and there will arise a new equation, in- 
voJpiDg only z and known quantities. 

Reject all the terms of this equation in which jr is, of 
tw,o or more dimensions ; and the approximate value of 
z may then be determined by means of a simple equa- 
tion. 

And if the value, thus found, *be added to, or sub- 
tracted from that of r, according as r was assumed too 
little, or too great, it will give a near value of the root 
required. 

But as this approximation wiH seldom ' be sufficiently 
exact, the operation must be repeated, by substituting 
the number thus found, for r>, in the abridged equation 
exhibiting the value of z ; when a second correction of x 
will be obtained, which, being added to, or subtracted 
from r, will give a nearer value of the root than, the 
former. 

And by again substituting this last number for r, ife the 
above mentioned equation, and- repeating the same process 
as often as- may be thought necessary , a value of x may be- 
found to any degree of accuracy required. 

Note. The decimal part of the root, as found both by? 
this and the next rule, will, in general, about double id- 
self at each operation ; and therefore it would be useless, 
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as well as troublesome, to use a much greater number 
of figures than these in the several substitutions tor the 
values of r. (*') 



EXAMPLES. 



1. Given a^+fc* +#==•(), to find the Value of a? by ap- 
proximation. 

Here the root, as found by a few trials, is nearly equal 
to 4. 

Let therefore 4=»r, and r+*=3r. 

x =r +* . 

And by rejecting the terms * 3 , Srz 3 and z a , as small in 
comparison wkh 2, we shall have 



Then 



=90. 



Whe** ^ M-r»-r»-r _ 90-64-lC-4 _ 6_^ 

3r*+2r+l 48+8+1 57 

And consequently ar=4. 1 ., nearly* 



**■ 



<0 It may here be observed, that if any of the roots 6f an 
equation be whole numbers, they may be determined by gubsti- 
tilting It 2, 3, 4, &c successively, both in plu% and in tmnrm, for 
the unknown quantity, till a result is obtained equal to that in the 
question ; when those that are found to succeed, will be the roots 
required. 

Or, since the last term of any equation is always equal to the 

continued product of all its roots, the number of these trials may 

be generally diminished, by finding all the divisors of that term, 

and then substituting them both in phn and minta, as before, for 

the unknown quantity, when those that give the proper result will 

be the rational roots sought : but if none of them are found to 

succeed, it may be concluded that the equation cannot b resolved 

by this method ; the roets, in lhat Case, feeirig either.irrational or 
itnaginary. 
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Again, if 4.1 be substituted in the place of r, in tie 
last equation, we shall have 

90— r*—r'-r 90-68.921 — 16.81-4.1' _ 

zz= ■ «=— ■■■! .00203 

3r a +2r+l 50.43+8.2+1 ^www 

And consequently x=4.1 +.00283=4. 10283, for t 
second approximation. 

And, if the first four figures, 4.102, of this number 
be again substituted for r, in the same equation, a still 
nearer value of the root will be obtained ; and bo on, u 
far as may be thought necessary. 

2. Given 3*+20*=l00, to find the value of *bj 
approximation. Ans. 2=4.1421356 

3. Given x 3 -\-9x a +4x=BQ t to find the value ofsbj 
approxiinatioa. Ans. 8=2.4721359 

4. Given s«.-38x 8 +210x a +538a;+289=O f to find 
the value of x by approximation. 

Ans. 2=30.53565375 

5. Givena?«+6 4 — 10a;* — 112s*-207« — 110 = 0, to 
find the value of x by approximation. 

Ans. 4.46410161 

Thfe* roots of equations, of all orders, can also be de- 
termined, to any degree of exactness, by means of the 
following easy rule of double position ; which, though 
it has not been generally employed for this purpose, will 
be found, in some respects, superior to the former, as it 
can be applied, at once, to any unreduced equation, con- 
sisting of surds, or compound quantities, as readily as if 
it had been brought to its usual form. 



RULE. 



Find, by trial, two numbers as near the true root as 
possible, and substitute them in the given equation in- 
stead of the unknown quantity , noting the results tbjrtare 
obtained from each. 



Then, as the difference of these results is to the dif- 
ference of the two assumed numbers, so is the difference 
between the true result, gifftn by the question, and either 
of the former, to the correction of the number belonging 
to the result used ; which correction being added to that 
number -when it is too tittle, or subtracted from it when it 
is too great, will give the root required, nearly. 

And if the number thtos determined, and the nearest 
if the two former, or aqy other that appears to be more 
accurate, be now takfen ft* the assumed roots, and the 
operation be repeated as before, a new value -of the un- 
known quantity will be obtained *till*tnore correct than 
the tirst ; and so on, proceeding in this manner, as far 
as may be judged necessary. (&) 



(k) The above 'rule' for Double Position, which is much more 
simple and commodious than the one commonly employed tor this 
purpose, is the sane as that which {was first given at p. 311 of the 
octavo edition of my Arithmetic, published in 1810. 

To this we rosy' farther add, that when one of the roots of au 
-equation has been found, either by. this method or the former, the 
rest may be determined as follows :. 

Bring all the terms to the left hand side of the equation, and 
divide the whole expression, so formed,* by the difference between 
the unknown quantity («x) and tbe root first found; and the result- 
ing equation 'will Xhen be depressed a degree lower than the 
given one. 

Find a root-of -this new equation, by approximation, as in the 
first instance* and t^e number, so obtained will be a second root 
of the original equation- 
Then, by means .of this root, and the unknown quantity, depress 
the second equation a degree lower, and thence-nndva um?d-root - y . 
and so on, tiiOjie, equation is reduced to a quadratic*, when the 
two^toots of this /together with the former, wall be the roots of 
the equation required. 

Thus, in the equation j?3— 15jp* +$&r=50, the first root is 
found, by approbation* to be 102-804 Hence 
3P— 10?«H(.y» -*15a?a -r6ia?-50(o?» -1397196*+4&63627«a 

And the two roots of the quadratic equation, jr 3 — 13 97196,g*-a 
—48.63637* found m the usual way, are. 6.37653 and 7.39543* 

Nt 
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RESOLUTION of EQUATIONS, 



I 



EXAMPLES. 



1. Given £ 3 +x*+*=100 9 to find an approximate 
yalup of x. 

Here it is soon found, by a few trials, that the value of 
x lies between 4 and 6 

Hence, by taking these as the two assumed numbers, 
the operation will stand as follows : 

First Sup. Second Sup* 

. 4 • • x • 6 

16 . . x* . . 25 

64 . . x* . . 125 



Therefore 



84 
165 

84 



Results 
. 5 
4 



155 

100 

84 



71 : 1 16 r »f85 

And consequently x==4+- 226=4225, nearly. 
Again, if 4.2 and 4.3 he taken as the two assumed num- 
bers, the operation will stand thus : 

First Sup. Second Sup, . 

4*x • • X ■ • • • 4a«l 

17.64 . . x» . . 18.49. 
74088 . , *3 . • 79.507- - 



Therefore 



95.928 Results 102.297 

102.297 . . 4.3 . . 102.297 
96.928- . . 4.2 . . 100 



6.369 






f . r. L . i 



.1 






:l • |.i 



*;»7;.,; 7 ,7o3e 









■ • - ■ ■ ■■ i . t ■ 



■ r#* 



So that the three roots of the given cubic equation ar » ^*i$x* 
+63* a *50, are 1.02804, 6.J765J, and 7.39543; their sum 7 King 
»1;». the coefficient of the second term of the equajtionwas jt 
ought to be when they are right ■ 
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And consequently ar=4.3— .036=4.264, nearly. 

Again let 4 264 and 4.265 be the tw<i assumed num- 
bers ; then 

First Sup. Second Sup, 

4.264. . . x . . 4.265 
18.181696 . . x* . . 18.190225 
77.526752 . . a? 3 . . 77.581310 



99.972448 Results 100.036535 

Therefore 

100.036535 4.265 100 
99.972448 4 264 99.972448 



.064087 : .001 :: .027652 : .0004299 

And consequently 
35=4.264+. 0004299=4.2644299, very nearly. 

2. Given Ux 2 — 15) 2 +Xy/x=90, to find an approxi- 
mate value or x. 

, » •.-. * 

Here, .by a few trials, it will be soon founds that the 
value of x lies between 10 and 11 ; which let, therefore, 
be the two assumed numbers, agreeably to the directions 
given in the rule 



>' > Then 



• t 



Hence 



First Sup. Second Sup. 

'K : v «<i(i* a -15) a . .84.64 
31 622 . . Xy/x . .36.482 

56.622 Results . 121 122 
12V.122 : .' 11. . 121.122 
56.622 . . 10 . . 90 



: 6*.5v..; tj 1 :: 31. 122 : .482 
And cftMfcquebtlf **=1 1 — .482= 10 516 
Again, let 10.5 and 10& be the two assumed number? 






•» 
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nearly in the middle between 3 and 4, but rather nearer 
the latter than the former, let 3.6 and 3.0 be taken for 
the two assumed numbers. 

Then log. 3.5=.5440tf80, which, being multiplied by 

3.5, gives 1.904238=tirst result ; 

And log. 3.6=.5563025, which, being multiplied bf 

3.6, gives 2.002689 for the second result 

Whence 

2.002689 . . 3.6 . . 2.002689 
.904238 . . 3.5 . . 2. 



1.093451 : .1 :: .002689 : 00273 

For the first correction ; which, taken from 3.6 leaves 
«=3.59727, nearly. 

. And as this value is found, by trial, to be rather too 
email, let 3.59727 and 3.59728 be taken as the two as- 
sumed numbers. 

Then log. 3.69727=.5559781, which being multiplied 
by 3.59727, gives 1.9999854= first result. 

And log. 3.69728=.5569743, which, being multiplied 
by 3.51728, gives 1.9999953=second result. 

Whence 

1.9999953 . . 3.59728 . . 2. 
1.9999864 . . 3.59727 . . 1.9999953 



.0000099 : .00001 :: .0000047 : 00000474747 

For the second correction ; which, added to 3.59728, 
givea a:=3.59728474747, extremely near the truik* 

2. Given x*=20U0, to find an approximate value of s. 

Ans. s=4 82782263 

3. Given (6x)*»96, to find the approximate talne 
of x. Ana. *c*= 1.882643! 

4. Given x*= 123456789, to find the value of x. 

Ana* 66400268 
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5. Qi?cn«*— «=s(2a;— «*)*, to find the value of* 

Ana. x= 1.747*33 



OJUTW6 

BINOMIAL THEOREM. 

The binomial theorem is a general algebraical ex- 
pression, or formula, by which any power, or root of a 
given quantity, consisting of two terms, is expanded into 
a. series ; the form of which, as it was first proposed by 
Newton, being as follows : 

Or 

. . JH £} . m . m—n , m— 2n , 

(P+**> =P n H A<*+-— B<H Cq+ 

fl Xtl Oft 

m— 3n , 
— — - d*, &c. 
4ft 

Where p is the first term of the binomial, q, the second 

term divided Vy theinrst, — the index of the power* or 

root, and a, b, c, &c. the terms immediately preceding 
those in which they are first found, including their signs 
+ or—. 

Which theorem may be readily applied to any parti- 
cular case* by substituting tl}e numbers, or letters, in 
the given example* fqr p, ^ m, and u, in either of the 
above formulae, and then finding the result according to 
the rule (/)• 



Q) This celebrated theorem, which is of the most extensive 
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EXAMPLES. 

1. It ia required to convert (a* +x)* into an infinite 
series. 

Here p=a*, *=-—, — =^, or wi = 1, and n = t ; 
whence 



m 1 a x x 

n £ 1 a 3 2a 



^Afca«MMIkB«tafcJfai 



m 

aii 



use in algebra, and various other branches of analysis, may be 
otherwise e pesaed as follows: 

Or (a+z(!r= 

1 nVt-x' n* 2n ^a+x"' ^'"SS ST 

(-£-)» &c] 
x a+x' 

Or(a-f-x)» = 

.0— X 

( — ^)3]&C. 

It may here also be observed, that if m be made to represent 
any whole* or fractional number, whether positive or negative, 
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m _n 1—2^ x w x x 2 

2n 4 2a a* 2.4a 3 * 

m-2n 1— 4 W * a w a? 3s 8 __ 

— o*=— -tt-X ------ X-r=- 



3» 6 2 4a a a 3 2.4.6a* 

m— 3n 1—6 , 3x 3 w a: 3.5a: 4 

- D q=— — X ■ . ■ . X — ™ 



4n 8 2.4.6a* a 2 2.4.6.8a 7 

tn-4w 1 — 8 W 3.5x 4 w x 3.5.1 x* 

- Eft = ■ X— X — = C=: F, 

bn 10 2.4.6.8a 7 a 3 2.4.6.8. 10a» 

&c. &c. &c. 

Therefore (a« +*)* ==s 

2a 2.4a» + 2.4.6a« , "2.4.6.8a 7 2.4.6.8.10a*"" * 

Where the law of formation of the several terms of 
the series is sufficiently evident. 

2. It is required to convert j 7*7, or its equal (a-fc 

ft)-?, into an infinite series. 

Here p=a. a=-, and — «— 2. or m=— 2 and n=l ; 

a n 

whence 



the first of these expressions may be exhibited in the more simple 
form 

(a+ar)* , =a m +ma ,, »- 1 *H — *- J*"*** +~ - J 

(m-2) , M 



m(m— 1^)(m-g) . . . . . .[m—(ii— l)]aW»* 

1.2 3.4 n 

Where the last term is called the general term of the eerie*, ce» 
caii* if 1 2, 3, 4, &c. be substituted successively for w> it wdl giv# 
all the resu 

O 
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mm 2 

pn=(o)n=0"*= — =1, 

N ' a* 

m 2 V 1 b 26 

n 1 a a a a 3 

,n-n -2-1 2* & 36* 
_-. B Q= — - — X -X-=— r= c f 

2n 2 a 3 a a 4 

m~2n —2-2 36* 6 46' 
_ — c*= — — x — X-= r-=D, 

3n 3 a 4 a o s 

m _3n -2-3^ 46* 6 66* 

^.. D *= X— — X- = . =fc» 

4« 4 a* a a 4 ^ 

lie. fee. fee. 

_ lf 1 1 26 , 36* 46» 66« 

^ * (o+6) f « f a* a 4 •* a 8 

• 3. It ib required to convert— i — -, or its equal <P 

(a»-*)* 

(a* — cr) , into an infinite Beriei* 

Here 

p=o 3 ,«i= , and — =-~-i or m=— 1 and n=2 

a 3 n 2 

whence 

m m -11 

FiT=(a')r-(a») *=-=*, 

m— n —1—2 # x 3s* 

b^= X^-r X — — = =c, 

2n 4 2a 3 a 3 2.4a 5 ' 

m— 2» -\1 — 4 W 3a* w a: 3 6a; 3 
■c«l=-A-- — X— — X-— = 



3p § 2.4a 6 a* 2.4.6a 7 
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mi— Sfi —1—6 3.5a? 3 w * 3.5. 7rr* 

4n 6 2.4.6a* a» 2.4.6.8a» •' 

&c. &c. &c. 

Therefore 

1 ,.J i*( x \±A( x *\+ SS < x \+ 3 ' 5 ' 7 r *\ 

(a*-*)* a 2V™2.4\i* ; " r 2.4.6 V ;T U6.8V ; 
&c. 

And *. 

(a a T*) a " 1 "2V" + "2.4\i3 J + 2.4.6 \»*' "*" 2.4.6.8 \»*' 
lie. 

4. It is required to convert %/9> or its equal (8+1)* 
into an infinite series. 

Here p=»8, *=o» and — = -, or ro = 1 and n = 3 j 

Whence 

m m l 

»" - , v 2 v ' - * - 

m-n J-3 1 1_ 1 „ 
2» ** 6 3.2* 2 3 "* 3.6.2* c> 

tn-2*i 1-6^. 1 *, * 5 



2» 9 3.6,2* 2 3 3.6.9.2* 

jn— 3» 1-9 W 5 v , 1 5.6 

An 12 3.6.9.2* 2 3 3.6.S.12.2" ' 

m -4» 1 — 12^ 5.8 w 1 5.8.U 



d» 15 3.6.9.12.2" 2 3 3.6.9.12.15.2 1 * 

&c» &c. &c. 
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Therefore ?/9= 
f+ 1 _1_ 5 5.8 5.8.11 

8.2*""'3.6.2« + 3.6.9.2* 3.6.9 12.2'<> + 3.6.9 It.lbi* 

lie. 

5. It is required to convert ^/2, or its equal ^/(1+1)» 
into an infinite series. 

A -.1 1_ _3_ 3.5 3.5.7 

M ' "*"« 2.4 + 2.4.6~2.4.6.8~ f "2.4.6.l*.10 * 

6. It is required to conrert ?/7, or its equal (8— I) 3 , 
into an infinite series. 

An8 2 _J I g *- 8 a. 

3.2 a 3.6,2* 3.6.9.2* 3.6.9.19 2" 

7. It is required to convert ^/240, or ite tf«t 

(243 - 3)*, into an infinite series. 

A « J_ 4 4.9 4.9.14 ^ 

D8, "5.3 s "~5.10.3* "" 6.10.16.8> > 5.10.16.20.3 1 « 

8. It is required to convert (a±x)* ink* an iaiaite 
aeries. 

Ans. a 1 * l:fc — — db — * ■ :fc &c.t 

* 2a 2.4a a 2.4.6a* 2.4.6.8a« * 

9. It is required to convert (a±by into an infinite 
series. 

a«. if*-** ** a -i_ *•**• 2.5.85* . . s 
Ans. a*il± — -. ± — i — dt&c? 

* c 3a 3.6a« 3.6.9.a 3 3.6.9.12a* 5 

10. It is reqwrted to convert (a— b)* into an infinite 
series. 

4m flhl t^^L 3 ' n * 3.7.116* j 

■*"■• * ~4a 4.8a» ""4,8.1203 ""4.8.12.16a* -* c '> 
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11. It is required to convert (a+»)* into an infinite 
series. 

A *f 14-— ** 4* 3 4. 7x3 4.7.10x» ^ ' 

M ' a * + 3a~9^9«a»~9*12a« + .*.12.16a«~^* 

12. It is required to convert (1— xy into an infinite 

series. „ 

. , 2x 2.3** 2.3.8x 3 2.3.8. 13x« . 

Ans. 1— — — — — we* 

5 5.10 6.10.16 6.10.15.20 ~* 

13. It is required to convert -, or its equal 

(«±*)* 
(a+s)** into an infinite series. 

a l <^±. x < 8x * .3.5*3 3.6.7x* . . * 

Ans. --• 1 1±—.+ --- — ± ~— ± &c.f 

4* 2o 1 2.4a» 2. 4. 6a* ^2.4.6. 8a* > 



14. It is required to convert , or its equal 

(a+x) 3 into an infinite series. 

Ans. a 3 } l:z — h -c f 3: &c.t 

1 + 3a 3.6.a a +3.6.9a*^3.6.9.12a« + > 

15. It is required to convert , or its equal' 

(1+x) * into an infinite series. 

A x 6x* 6.9x* 6. 9.14x* 

D8, ""5 + 5.10 5.10.15 + 5.10Tl5^0 Cr 



(a+xVi 
— !— ) , or its equal 



_*»vl 



Ca + x) (a 8 — x') *, into an infinite series. 

An. x j_* 1 ' j. *' , 3* 4 _,3* J , 5x» , 5x» . 



• - t 



ISO* 



OF THE 

INDETERMINATE ANALYSIS. 



lit the common rales of Algebra, such questions are 
usually proposed as require some certain or definite an- 
swer ; in which case, it is necessary that there should be 
as many independent equations, expressing their condi- 
tions, as there are unknown quantities to be determined ; 
•r otherwise the problem would not be limited. 

But in other branches of the science, questions fre- 
quently arise that involve a greater number of unknown 
quantities than there are equations to express them ; in 
which instances they are called indeterminate or unlimit- 
ed problems ; being such as usually admit of an indefi- 
nite number of solutions ; although, when the question 
is proposed in integers, and the answers are required only 
in whole positive numbers, they are, in some cases, con- 
fined within certain limits, and in others, the problem mat 
become impossible. 

PROBLEM I. 

To find the integral values of the unknown quantities * 
and y in the equation. 

car— tyrr + c, or ax-\-by=c. 

Where a and b are supposed to be given whole du*d> 
bers, which admit of no common divisor* except when it 
is also a divisor of c. 

RULE. 

1. Let wh denote a whole, or integral number ; and 
reduce the equation to the form 

6y±c c—by 

a : +.u 

2. Throw all whole nutobm out of that of these twt 
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expressions, to which the< question Mongs, so that the 
numbers d and e in the remaining parts, may be each less 
than a; thea 

-*L-t sBttfc, or -IL *=«>&. 

a « 

« 

3. Take such a multiple of one of these last formulas, 
corresponding with that above mentioned, as will make 
the coeficieat of y nearly equal to a, an&throw the whole 
numbers out of it as before. 

Or find the sum or difference of — , and the expression 

above used, or any multiple of it that comes near — , and 

a 

the result, in either of these cases, will still be =wh, a 

whole number. 

4. .Proceed in the same manner with this last result ; 
and so on, till the coefficient of y becomes = 1, and the 
remainder = some number r ; then 

ydbr 

1 z=t*h.=p> and yasopqir, 

a 

Where p may be o, or any integral number whatever, 
that makes y positive ; and as the value of y is now 
known, that of x may be found from the given equation, 
when the question is possible (m). 

Note. Any indeterminate equation of the form 

ox— fcy=±c, 

in which a and b are prime to each other, is always pos- 
sible, and will admit of an infinite number of answers in 
whole numbers. 



fat) This rule is {bonded an the obvious principle, that the sum , 
difference, or proAutt of. any two whole numbers, is a whole 
number ; and that, If a nunwtr divides the whole of any other 
number and a part of it, it will also diyide the i*m*uus£ ^pct\* 
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But if the proposed equation be of the form 

the number of answers will always be limited ; and, in 
some cases, the question is impossible ; both of which 
circumstances may be readily discovered, from the mode 
of solution above given, (n) 



KKAMPLE9. 



1. Given 19x — 14y=ll, to find x and y in whole num- 
bers. 

Here x = * — = wh. t and also —?==«&• 

Whence, by subtraction, -^— — %— — =^^ — =wfc, 
J 19 19 19 

Also, J—x^-JL. f .i+L-rt. 

And by rejecting y— 2, which is a whole number, 

Whence we have y=!9p-{-£. 



(n) That the coefficients a and 6, when these two formulas are 

possible, should have no common divisor, which is not, at the 

same time,a divisor of c, is evident; for if a=rmd, and 6 mm*, we 

shall have ax+bymnmdx+mey=zc > and consequently dStf-f-<y«- 

c C 

-. But df, e, a?, y, being supposed to be whole numbers - mutt 

also be a whole number, which it cannot be, except when m is a 
divisor of c. 

Hence, if it were required to pay I00£ in guineas andmoidores 
only, the question would be impossible ; since, in the equation 
21x+27V=x2000 which represents the conditions of the problem, 
the coefficients, 21 and 27, are each divisible by 3, whilst the ab- 
solute term 2000 is not divisible by it. See my Treatise ofAlgt- 
bra, for the method of resolving questions of wis kind, by mean* 
of Continued Fractions, 
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And x~ 14>+ " = »("»+«)+ U _ 86^+95 _ 
«na i= IB = l9 — — fg 

14j>+5. 

Whence, if p be taken =0 we shall hare x— 5 and 
y=6, for their least values ; the number of solutions be- 
ing obviously indefinite. 

2. Given 2x+3y=xlb, to determine x and y in whole 
positive numbers. •'■* ^^^^^^^ 

Here x = ~_ *=if -y-j— ^ 

Hence, since :r must be a wliole number, it follows 

^ at "" s^-mast a!«o be a' whole number. 



Then 1— »=2jj, or y=l— tp. 
And since 

*=H-jH- 1 -= ? *M-p- g j ■■■■+. ■■ : Jp-1, 

We shall hare z=ll+3», sndy=l— */■ ; 
Where p maybe any wbi !■■ r in whatever, that will 

render the values of x and y n these two eqqstions posi- 
tive. 

But it is evident, from the valve of y, that p must be 
either or negative ; and consequently, from that of », 
that it must be O, —I, —2, or -3. 

Whence, ifpE=0,»= — 1, p=— *, p=-3. 

Th "Jf-l t y=8, y=S,*-^ ■ 
Which are all the answers io whole positive numbers 
lhat the question^BpsnT of. 

3, Given 3a:=8y- 16 to find the values of x and y is 



:rmisate as aly?i5. : ?: 

put =0. we shall Ime •.*.? >?-: •. ^ :* 
corresponding, or gr<ciV=*: \ s ..-. .:' 

if the answers will be fr.r.ii *•- • : ? 
the least *alue of t. at«: * . ::« *. j :~ 
.„ value of x : which 0*1:*: J.:e •*♦. -r.*.. : 
/owing result* : 

«2 | 15 \ ->8 / 41 f 24 : 7 
r J 25 I 4o | €7 | t<< | I * 

; all the solutions, in * hole runner* ::.r 
admits of. 

When there are three or mere ur.k:..wL 
:id only one equation by nhich lhe\ caii i-e 
: as 

roper first to find the limit of the quacti:* *.Kai 

reatest coefficient, and then to asc^r^i:: the •:-.:• 

iues of the rest, by separate suhstit'-ti- t:« of *.:.« 

alues of the former, from 1 up to that ev.eut, *» 

blowing question 

en SaB+ofl+^—lOO, to find all the diifercr.: 
of x, y> and *, in whole numbers. ( r>) 

each of the least integer Falues of x and », art 1 
question ; whence it follows, that 




ation, of the kind above given. f,a* 
as c, negative, the c quart on n •* 



'efinite number *.f vrJi.* • 

siiation, bynv-fci:** • •t"ti.« 

•. tt>x:*ri(l h in «li« t *»t 

fjiifclion, l.ave u < r»iTj 

in the hr*t ca*e,. b? 
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Al.ofc.' X2 = 4 Jfl=,»+»-^=»». 
Or, by rejecting y, which i» a who!* camber, there 

will remain =wh.=p. ^MBjg 

Therefore y=3p+2, 

Where, if p be put = 1, we shall have ar=0 and y=6, 
for their least values ] the number of answers being, *sin 
the first question, indefinite. 

•t Given 81r+!7t/=2(lOO, to find all the possible Til- 
lies of x and y in whole numbers. 

Or, omitting the 35, - T $ =wh. ; 
Consequently, by ■dditioa, ¥l + 5 ~' ,tf = *£±!! =«*. 

Or, by rejecting the whole number 1, ~ - ^ =wh. ; 

A»4 by wjtaeta, ^- 4 -+-{9fcifc-W=,, I 
^Whence (-'21^^^ 

^ ,- saggat - «mo-it(8i,+4) 

?l 21 — 3-*-17j>. 
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100—6—3 100—8 92 ... 
2f= = — - — =— . =13+. 

7 7 7 7 

Consequently"* cannot be greater than 13, which is alt t 
the limit of the number of answers ; though they may be 
considerably less. 

By proceeding, therefore, as in the former rule* we 
shall have 

100 5y-7z AO _ , 1— 2y— z , 
x= f- =33-y-2*+ — f =w&. ; 

And, by rejecting 33— y— 2z t 

3 ' 3 ~ 3 3 f 

Whence y "~* ;=fp. 

And y^3p+z— 1 ; 

And consequently, putting p=0, we shall hare the 
least value of y=*— 1 ; where z may be any number, 
from 1 up to 13, -that will answer the ^ouditioas of the 
question. 

When, therefore, 2*=2 we have$=l, 

And xx= — =27. 



1— 2v— z 



Hence, by taking *=2, 3, 4, 5, &c. the corresponding 
values of x and y % together with those of z, will be found 
to be as below. 



*«=-2 

x=27 



*H 


4 


5 


6 


«v 


. 2 


3 


4 


6 


6 


23 


19 


Id 


11 


7 



8 
7 
3 



Which are all the integral values of z, y % and jt, that 
can be obtained from the given equation. 

Note 2 If there be three unknown quantities, and 
enly two equations for determining tfu*m> as 



»* 
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elterminate one of these quantities in the usual way, 
and find the values of the other two from the resulting 
equation, as before. 

Theu, if the values, thus found, be separately substi* 
tated, in either of the given equations, the corresponding 
Tallies of tht> remaining quantities wiU likewise be deter- 
mined: thus, 

6. Let there be given »— 2y+2=5, and 2x+y— 2=7, 
to find the values of s, y, and z 

Here, by multiplying the first of these equations by 2, 
and subtracting the second from the product, we shall 
have 

3*-5sf*3, or *=?±^=l+y+^=«*. - 

And consequently *^, or ^ — ~|=|=wft. =», 

Whence y =3p. 

, And, by faking p=l, 2, 3, 4, &c. we shall have y=3, 
$, 9, 11 15, fee and *=6, 11, 16, 21, 26, &c. 
But from the first of the two given equations 

whence, by substituting the above values for y and, z 9 
the results will give x=6, 6, 7, 8, 9, &c 

And therefore the first six values of x, y, and z, are as 
below: 



*=3 

y=3 

2=6 



€ 


7 


8 


9 





9 


12 


IS 


11 


It. 


i\ 


26 



10 
18 
31 



Where the law by which they can be continued is suf- 
ficiently obvious. 



EXAMPLES FOR PRACTICE. 



1 . Given 3or=8y — 16, to find the lea6t values of x and y 
in whole numbers. Ana. *=8, ^=^ 

P 
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2. Given 14*:=6$+7,ta find the least values of xandy 
in whole numbers. Ana. s==3, y=7 

3. Given 27op*s= 1=600— 16y, to find the least values of 
rv and y in whole numbers. Ans. ss^48, y=^±l^ 

4. It is required to divide 100 into two such parts, 
that one of them may, be divisible by 7,, and the other 
by 11. Ans. The only parts are 56 and 44 

5. Given 9x+ 13t/=^000, to find the greatest value of 
oi and the least value of y in whole numbers. 

Ana. at =2 15, y=15 

6. Given \lx+by=±254 i to find all the possible values 
of x and y in whole numbers. 

Ans. x = 19, 14, 9, 4 ; y==9, 20,31, 42 

7. Given 17x+ 19y+21z=400, to find all the answers 
in whole numbers which the question admits of. m 

Ans. Indifferent answers 

8. Given 6a:+7y+ll*=5224, to find all the possible 
values of x, y, and z, in whole positive numbers. 

Ans. The number of answers is 59 

. ■ 

9. ft is required; te find in- how. many difierentrsvarys. it is 
possible to pay 20/. in halt-guineas and half-crowns, with- 
out using any other sort of coin ? 

Ans* 1 diffeVe.nt ways 

10. I owe my friend a . shillings and share foothrag 
about me but guineas, and he has nothing but :leuafe» 
d'ors ; how mu9t 1 contrive to acquit myself of the debt, 
the louis being valued it. 17*. a piece, and the guineas at 

215.? -j[ ■■ ; 

Ans. I must give 'him 13 guineas, and he must 

give m!e Iff. louis 

11. How many gallons of British spirits, at 12*,, 16*., 
and 18*. a gallon, must a -rectifier of compounds take to 
make a mixture of 1000 gallons, that shall be worth 17*. 
a gallon ? 

-Am.. Ill}, at 12*., Ill* at 15*.,«rii77?£.*t J£*. 



I 
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PROBLEM II. 



To find such a whole number, as, being divided by 
Other given 'numbers, shall leave given remainders. 



RULE. 

1. Call the number that is to be determined x, the 
numbers by which it is to be divided a 9 b 9 c 9 &c. and the 
given remainders/, £, h 9 &c. 

2. Subtract each of the remainders from> ar, and di- 
vide the differences by a, b> c, &c. and there will arise 

— ^, ' i ., , &c. = whole numbers. 



3. Put the first of these fractions — & =», and substi- 

o 

tute the value of a-, as found in terms of p, from this equa- 
tion, in the place of x in the second fraction. 

4. Find the least value of p in this second fraction, 
by the last problem, which put =r, and substitute the 
-value of x, as found in terms of r, in the plaee of x in 
the third fraction. . 

Find, in like manner, the least value of r, in this third 
fraction, which put =*, and substitute the value of x f 
as found in terms of s, in the fourth fraction, as before. 

Proceed in the same way with the next following frac- 
tion, and so on, to the last ; when the value of x, thus 
determined, will give the whole number required* 

EXAMPLES, 

1. It is required to find the least whole number, 

which, being divided by 17, shall leave a remainder of 

7, and when divided by 26, shall leave a remainder of 

13. 

Let x= the number required. 

/p ,*? jr— • 13 

Then -—.and -55— = whole numbers* 



s 
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And, putting -»— . =p, we shall have ap=17/>+?. 

Which value of x, being, substituted in the second fir*** 

17»+7~13 np-^6 
fcon, gives r gg =--^— ==wA. 

But it is obvious that —f is also =wk* 

26 

And consequently gJE- 17 ^^^ e =r^ 

26 26 r 26 

Where, by rejecting p, there remains^-—- = **.==* 

26 

Therefore />~26r- 18; 

Whence, if r be taken =1, we shall have />»£. 
And consequently ar=17/>+7=17X8+7«l43, the 
number sought. 

2. It is required to find the, least whole number, which, 
being divided by 11, 19, and 29, shall leave the remain- 
ders 3, 5, and 10, respectively. 

Let x= the number required. 
Theft -77-> -75- an ^ "^" == whole numbers; 

11 19 29 

£— 3 
And, putting — r-=p> we shall have ar=ll/>+3. 

Which value of x, being, substituted in the second free- 

11«— 2 , 
tion, gires r =t»/t. 

19 ~* |9 ^ 19 • 
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Ana*, by Rejecting p, there wiH remain -E^sswh. 

Abo b, m«lt» 3 ^ 4 X6*= i^- 4 = ^ - 1 =»fc. 

Or, by rejecting the i, — ' v,'~ a =wA. 

Bat -~ is likewise =wfc. 

Whence -~£— -J?Zl-==£jt_.=== w&, which pnt =f. 
19 19 19 * 

Then we shall have 

j*=19r— 5, and ar=ll(19r— 5)+3=209r-52. 

' And if this value be substituted for x in the third frac- 
tion, there will arise 

209r-62 ^ tez±~* 
29 T 29 

Or, by neglecting 7r— 2, we shall have the remaining; 
part of the expression =wk. 

But, by multiplication, 

29 29 29 

r 20 

Or, by rejecting r, there witl remain = t»JL 

■ 2»y 

which put =*. 

Then r=29#+20; where, by, taking, «0, we shaH? 
have r=20. 

And consequently 

*=209r -52=209 X 20- 52=4128* 
■ the number required. . 
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3. To find a number, which, being divided by 6, shall 
leave the remainder 2, and when divided bj 13, shall 
leave the remainder 3. _ Ans. 68 

4. It is required to find a number, which being divided 
by 7, shall leave 5 for a remainder, and if divided bj 9, 
the remainder shall be 2. Ans. 110 

5. It is required to find the least whole number, which, 
/being divided by 39, shall leave the remainder f6, and 

when divided by 66; the remainder shall be 27. 

Ans. 1147 

6* It is required to find the least whole number, which, 
being divided by 7, 8, and 9, respectively, shall leave the 
remainders 5, 7, and 8. Ans. 1727 

7. It is required to find the least whole number, which, 
being divided by each of the nine digits, 1, 2, 3, 4, 6, 6, 
7, 8, 9, shall leave no remainders. Ans. 2520 

8. A person receiving a box of oranges, observed, that, 
when he told them out by 2, 3, 4, 5, and 6 at a time, he 
had none remaining ; but when he told them out by 7 at 
a time, there remained 5 ; how many oranges were there 
in the box I Ans. 180 



OF THE 



DIOPHANTINE ANALYSIS. 



This branch of Algebra, which is so called from its 
inventor, Diophantus, a Greek mathematician of Alex- 
andria in Egypt, who flourished in or about the third 

v century after Christ, relates chiefly to the finding of 
square and cube numbers* or to the rendering certain 
compound expressions free from surds ; the method of 
doing which is by making such substitutions for the un- 

kaowa quantity, as will reduce the resulting equation ta 
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a simple one, and then finding die yalue of that quantity 
in terms of the rest, (p) 

These questions are so exceedingly curious and ab- 
struse, that nothing less than the most refined Algebra, 
applied with the utmost skill and judgment, can surmount 
the difficulties which attend them. And, in this respect, 
no one has eitended the limits of the analytic art further 
than Diopbantus, or discovered greater knowledge and 
penetration in the application of it. 

When we consider his work with attention, we are 



(p) That Diophantas was not the inventor of Algebra, as has 
been generally imagined, is obvious j since his method of apply* 
ing it is such, as could only have been used in a very advanced 
state of the science ; besides which, he no where speaks of the 
fundamental rules and principles, as an inventor certainly would 
have done, but treats of it as an art already sufficiently known ; 
and seems to intend, not so much to teach it, as to cultivate and 
improve it, by solving such questions as, before his time, had been 
thought too difficult to be surmounted. 

It is highly probable, therefore, that Algebra was known among 
the Greeks, long before the time of DUphantUM ; but that the 
works of preceding writers have been destroyed by the ravages 
of time, or the depredations of war and barbarism. 

His Arithmetical Question*, out of which these problems were 
Mostly collected, consisted originally of thirteen books ; but the 
first six only are now extant ; the best edition of which is that 

Sublished at Paris, by Bachet, in the year 1670, with Notes by 
ermat. In this work, the subject is so skilfully handled, that 
the moderns, notwithstanding their other improvements, have 
been able to do little more than explain and illustrate his method. 
Those who have succeeded best in this respect, are Vieta, Ker- 
sey, De Billy, Ozanam, Prestet, launder son, Fermat, and Elder ; 
the last of whom, in particular, As amplified and illustrated the 
Diophantine Algebra in as clear and satisfactory a manner as the 
subject seems to admit of 

The reader will find a methodical abstract of the several me- 
thods made use by these writers, with a variety of examples to 
illustrate them, in the first anctftecond volumes of my Treatitt of 
Alg^ra, before qaotcd* 
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et a Iocs which to admire moat, his wonderful sagacity^ 
and the peculiar artifices he employs, in .forming such po- 
sitions as the nature of the problems required or the 
more than ordinary subtility of his reasoning upon them. 

Every particular question puts us upon a new way of 
thinking, and furnishes a fresh vein of any analytical trea- 
sure, which cannot but prove highly useful to the mind, 
in conducting it through other difficulties of this kind, 
whenever they may occur, but, also, in enabling it to en- 
counter, more readily, these that may arise in subjects 
of a different nature. 

The following method of resolving these questions 
will be found of considerable service ; but no general 
rule can be given, that will suit all cases ; and therefore 
the solution must often be left to the ingenuity and skiM of 
the learner. 

RtJLS. 

t. Put for the root of the square or cube required, one 
r er more letters such that, when they are involved, either 
the given number, or the highest power of the unknown 
quantity, may vanish from the equation ; and then if the 
unknown quantity be only of one dimension, the problem 
will be solved by reducing the equation. 

2. But if the unknown quantity he still a square, or t 
higher power, some other new letters must be assumed 
to denote the root ; with which proceed as before ; and 
so on, till the unknown quantity is but of one dimension*; 
when, from this, all the rest may be determined. 

EXAMPLES. 

1. To divide a given jquare number (100) into two 
such parts, that each, of them may be a square num- 
ber. (9) 



(9) If x— 10 had been made the tide of the second square, in 
the following solution of this question, instead of &~l(fc tbc 
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Let x* be one of the parts ; then 100— x* will be th* 
•ther part ; which is also to be a square number. 

Assume the side* of this second squares=2»— 10, 

Then will 100— x a «(2»— 10)»<=4*»-40x+100; 

And, consequently, by redaction, rr=8, and 2x— . 10=6, 

Therefore 64 and 36 are the parts required. 

Or, the same maj be done generally, thus : 

Let a*= given square number, x*= one of its parts, 
and a 1 — x , = the other; which is also to be a square 
number. 

Assume the side of this second square **rx—a, 
Then will «•,-** =(t\r— a)**=r*x a — 2arx+a* ; 

And, by reduction, *= : , and rap— o= 



r* + l r* + l 

2ar* ar*+a ar*~-a .. - .. , 

= — — — —- = r — = side of the second square. 

— : — V and ( r — )» are the parts re- 

r*+l -/ \ r a +l J 

quired ; where a and r may be any numbers, taken at 
pleasure. 

2. To divide a given number (13) consisting of two 
known square numbers (9 and 4) into two other square 
numbers, (r) 



equation would have been x* — 20.r-f»100=sl00— x* \ in which 
case, x, the side of the first square, would have been found = 10, 
and x— 10, or the side of the second square sO; fo» which rea- 
son the substitution x— 10 was avoided ; but Sdr— 10, 4x— 10, or 
any other quantity of the same kind, would have succeeded as 
well as the former, though the results would have been less 
simple. 

(r) To this we may add the following useful property. 

Jf 8 and r be any two unequal numbers* of ^nVvvcK %>a v^fc TJta&a* % 
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For the side of the first square sough** put rx -3 ; and 
for the* side of the seooad, *e-2;.r "being the greater 
number, and. t the less. 

Then will (ra;-3) a +(^-2)»=(r a a; 2 -6ra;+9>+(« a 
a* _4*x-M)=fr»+s 2 )* a -(8r+45)«+13=13; or \r*+ 

Br+4s 
From which last equation, we bare, a= . a - • 

w , • 6ra-Mr* «_3r a +4™-^ .. 

Whence ra?—3— • ■ ■ -3=-: — 5-5— =* »« 

r a +* a r a +*« 

of the first square sought. 

« 6r»+4s« 6rj-2r a +«« a _ .. - 

And, «,- 1= -3T_ - 2= — q^r— =* 8lde 0f 

the second. 
So that if r be taken =2, and *=1, we shall hare 



H can then be readily shown, from the nature of the problem, that 

2r», ** — r* and ** +r* 
will be the perpendicular, bi^iajidb^pD&cnuaeof arig^aagW 
triangle. 

From which expressions, two square numbers may be found, 
whose sum or difference shall be square numbers; for (2r«)ft-Ht*- 
rS^^s+rSja, and (t» +r«)a _(2r*)a»x(«« -r*)», or (t»-f r a )«— 
(*s - ra)* =(2n;« ; where s and r may be any numbers whatever. 

The question in the text, is considered by Diophantus as a very 
important one, being made the foundation of many of his other 
problems. In the solution of it given above, the values of r and* 
may be taken at pleasure, provided the proportion of .them be not 
the same as that of 3 (a) to 2(b), or 3+2(a+£) to 3— 2(a— *); 
the reason of which restriction is, that if r and 9 were so taken, 
the aides of the squares sought would come out tae< same as the 
sides of the., known squares which compose the given number 
and therefore the operation would be useless. 

The excellent old Kersey, after amplifying and illustrating th'u 
problem in a variety of ways, concludes his chapter thus : " For 1 
further account of this rare speculation, see Andersonus, Theoren 
2, of VietaY myaterimu Doctrine of Angular Sections ; and like 
wise Herigonius, at the latter end of the first tome of his Cunts 
JMathematicust 
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3rM^M«*W 13 * 6**-.ar•-H& , 6 r ^ .. ., .. 

—— - — =—, and — — =- for the sides 

r* +* a 6 r a +s* 5 

of the squares/ in numbers, -as was required. 

And if a* +b* be put 'equal to the number to be divided, 
the general solution may be given in the tame manner. 

3. To find two square numbers, whofte difference shall 
be equal to any given number. 

Let the difference d be resolved into any two unequal 
factors a and b ; a being the greater and 6 the less. 

Also put x for the side of the less square sought, and 
x+b— for the side of greater. 

Then.(* + 6) a — ar a ~x*+2bx+b*—x 2 =2bx+b»=zd 

And if this be .durided by 6, we shall have 2x+b=a* 
Whence, ar= -^— = the aide of the least square sought, 

and *+&= — — +o=— - = side of the greater, 
x x 

So that by jrattin4HZ=:60, and oXi«=2X30, we shall 

°** e - j\ ?fl4,fd ?^ — 16 j or (14) a as 196, and 

(16)* =266, for-Jhe squares in {numbers ; and so for any 
difference or -facton whatever. 

4. To find two numbers such, that, if either of them 
be added to the square of the other, the sum shall be a 
square number. 

. : d^t the numbers sought be x and y. 

Then a a +y^ n*andy* +ar= Q , 

• * 

And, if r— x be assumed for the side of the first 
square x 2 +y, we shall have s 2 +y=r a — 2rx+x a , ot 
=r*— *rar. 



r a «-v 
Therefore, by reduction, 2rx=r 2 -y, or x= -c[-^ 
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Again, if y+t be assumed for the side of the second 
square, we shall liare y s + J~ y » (y + *)* — V* + *»> 

Whence also 9 = 2*y-f* a > or *"* — y^Mrjy+fcri 1 . 

Where, by transposition and division, we shall hare 

r» ~2r«* , r 3 +* Sr^f+f 
t/= , and ap= — — =z .. 

" 4r»+l ' 9r 4r«+l* 

So that -— — - — and - — — — are the numbers requir- 
4rs+ 1 4rs+ 1 ^ 

ed ; where r and s may be taken at pleasure, provided r* 
be greater than 2s*. 

5. To find two numbers such, that their sum and dif- 
ference shall be both square numbers. 

Let x and x*—x be the two numbers sought 

Then, since their sum is evidently a square number) 
one of the conditions of tbe question is answered. 

There remains, therefore, only their difference x*—- 2* 
to be made a square. 

And* if for the side x>f this square there be put s— r, 
we shall have x 2 — 2rx+r 2 =x* — 2x 9 or 2r»— 2x=r*, 

r 2 _; .. _, r 2 N ^ i* 
2r-2 



Whence *=-r : — r and x* —x^( V— 



^^dr-^-v-— 

2 r ^.2 - \&—9 ' 2r— 2 



So that - — 5 *nd ( Q ) a — - — - aria the numbers 

— 2 * ^2r— 2 ' 2r—2 



required ; when r may be taken at pleasure, provided it 
be greater than 1. 

6. To find three numbers such, that not only the sum 
of all three of tbem, but also tbe sum of every two, shall 
be a square number. 
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Let 4*, x*—4x and 2x+l, be the three numbers 
bought. 

Then (4*)+(*» — 4kr)=«» , (»» — 4x)+(tx + 1)=*» 
— 2x+ 1, and (4« + a;» — 4*+2a:+l)=x 2 +2*+l, are 
evidently squares. 

And, therefore, three of the conditions mentioned in 
the questions are accomplished. • 

Whence it remains only to make the quantity (4*)4? 
(2*+l), or 6s-M= to a square. 

Let, therefore, 6Vr + 1 == o? ; and we shall have, by 

a a — l 
transposition and division, *= . 

And, consequently, — — , (— -) £— , 

,, 2a»— 2 . , 2a»-2 a«-26«*+25 , a* +2 

and +1 ; °r , ■ , and — -— 

6 ' 3 * 36 ' 3 

are 'the numbers required ; where a may be any number 
taken at pleasure, provided it be greater than 5.' 

7. To find three square numbers such, that the sum of 
every two of them shall be a square number. («) 

Let x 1 , y a , and **, be the numbers sought ; 

Then x* +z* = Q , y 2 +z 2 , = □, anda a +y a =Q. 

Or?l+lx=D,S-+l=D,and^+4 = D. 
z a z 2 z 2 z 2 

A»d> hy putting - = -^- > and * = J" -, we shall 



(*) This question is capable of a great variety of answers ; but 
the least roots, w^ich have yet been found, in whole numbers, are 
44, 117. and 240 See Euler*s Algebra, English Translation^ Vol, 
TL which is a work abounding with a great variety'of particulars 
relating to the more abstruse parts of the Diophantine analysis. 
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* ave ^ +1 i?~"» and ^ +1 — ~4H — ' 

which are both evidently squares ; and therefore it only 
remains to make -5-+^- = square number. 

t*^z* \ i$ > T V ir ' 4«» - T 4r» 

4r» X (** - 1)* +4«* X (r a — 1 )» 
=*- N - XT! jN ' * = iquare number. 

Or r* X(* 3 - 1)* + * a X(f»- l)*=r*X(*+l)*X(*- 1)* 
+«* X (r+ 1 )* X (r - 1 ) a = to a square number. 

And, by making r— 1=5+1, or r=s+2, we shall have 
(H-2)* X(H-l) a X(»- l) a +« a X(*+3)a X(«+l)»= tot 
square number. 

Or(* + 2) a X(«-l) a +s 3 X(s+3)»=2»*+8*3+6j*^4* 
+4= to a square number. 

Let, now, tbe root of this last square be assumed =4 1* 

Then, 2s*48« 3 +6s fl -4s + 4=(£s a -j-f2) a :=f:f*«-.J 
i»+5s»4-i*—4f+4 ; or 2**+8s*=f : $$4-fs3 . or $,+$ 

Whence s=— 24, and r=— 22. 

And, ac= -— — == — .-- and ^=r = — 

2* 48 z 2r 44 . 

n 575* , 483* 

48. J 44 

In order, therefore, to have the answer in whole num- 
bers, let 2=528, and we shall have $=6325, and t/«= 

6796. i / * 

Andf^onsequentljr, 528, 5796, and 6325, are the roots 
of the squares required. 
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8. To find a number x snob, that x+1 and re — 1 shall 
be both square numbers, (t) \ Ans. »==$ 

9. To find a number x such, that x+128 and x+ 192 
shall be both squares. Ans. x==97 

10. To find a number x such, that « a +a; andx'*>& 
shall be both squares. Ans. f | 

i 

11. To find two numbers such, that if each of them 
be added to their product, the sums shall be both squares. 

Ans. | and £ 

12. To find three square numbers in arithmetical pro- 
gression. Ans. 1,25, and 49 

13. To find three numbers in arithmetical progression, 
such that the sum of every two of them shall be a square 
number. Ans. 120±, 840£, and 1560£ 

14. To find three numbers such, that, if to the square 
of each the sum of the other two be added, the three 
sums shall be all squares. Ans. f and */ 

15. To find two numbers in proportion as 8 is to 15, 
and such that the sum of their squares shall be a square 
number. Ane. 576 and 1080 

16. To find two numbers such, that if. the square of 
each be added to their product, the sums shall be both 
squares. Ans. 9 and 16 

17. To find two whole numbers such, that the sum 
or difference of their squares, when diminished by unity, 
shall be a square. Ans. £ and 9 

18. It is required to resolve 4225, which is the square 
of 65, into two4>ther integral squares. 

Ans. 2704 and 152* 



(t) The answers to many of the questions here given, cannot b%- 
found in whole numbers. 
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19. To find three numbers in geometrical proportion 
such, that each of them, when increased by a given num- 
ber (19), shall be square numbers. 

Ans. 81, £, and T $f ? 

20. To find two numbers such, that, if their product be 
added to the sum of their squares, the result shall be a square 
number. Ans. 5 and 3, 8 and 7, 16 and 5, &c. 

SI. To find three whole numbers such, that if to the 
square of each the product of tne other two be added, 
The three sums shall be all squares. 

Ans. 9, 73, and 328 

22. To find three square numbers such, that their sum 
when added to each of their three sides, shall be all square 
numbers. 

Ans. 3%Vy*> HUh and iff f £= r °ots required 

23. To find three numbers in geometrical progression 
suob, that if the mean be added to each of the extremes, 
the sums, in both cases, shall be squares. 

Ans. 5, 20, and 80 

24. To find two numbers such, that not only eaohaf 
them, but also their sum and their difference, when in- 
creased by unity, shall be all square numbers. . 

~ Ans. 3024 and 5624 

25. To find three numbers such, thai whether there 
sum be added to, or subtracted from, the square of each 
of them, the numbers thence arising shall be all squares. 

Ans. VV> W>and W 

26. To find three square numbers such, that the sum 
•f theunsquares shall also be a square number. 

> Ans. 9, 16, and <# 

27. To find three square numbers such, that the dif- 
ference of every two of them shall be a square number. 

Ans. 485809, 34225, and 23409 
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28. To divide any given cube number (8) into three 
other cube numbers. Ans. 1, f} and yy 

29. To find three square numbers such, that the dif- 
ference between every two of them and the third shall 
be a square number. Ans. 149 s , 241 s , and 269* 

30. To find three cube numbers such, that if from each 
of them a given number (1) be -subtracted, the sum of the' 
remainders shall be a square number. 



OF THE 



SUMMATION AND INTERPOLATION OF 
INFINITE SERIES. 



The doctrine of Infinite Series is a subject which has > 
engaged the attention of the greatest mathematicians, both 
of ancient and modern times ; and, when taken in its 
whole extent, is, perhaps, one of the most abstruse and ' 
difficult branches of abstract mathematics. 

To find the sum of a series, the number of the terms 
of which is inexhaustible, or infinite, has been regard- 
ed by some, as a paradox, or a thing impossible to be 
done ; but this difficulty will be easily removed, by con- 
sidering that every finite magnitude whatever is divisible 
in infinitum, or consists of an indefinite number of parts, 
the aggregate, or sum, of which, is equal to the quantity 
first proposed: * 

A number actually infinite is, indee/1, a plain contra- 
diction to all our ideas ; for any number that we can pos- 
sibly conceive, or of which we have any notion, must 
always be determinate and finite ; so that a greater may 
still be assigned, and a greater after this ; and so on, with- 
out a possibility of ever coming to an end of the increase) 
or addition. 

<312 
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This inexhaustibility, therefore, in the nature of num- 
bers, is all that we can distinctly comprehend by their 
infinity ; for though we can easily conceive that a finite 
quantity' may become greater and greater without end, 
yet we are not, by that means, enabled to form any no- 
tion of the ultimatum, or last magnitude, which is inca- 
pable of farther augmentation. 

Hence, we cannot apply to an infinite series the com- 
mon notion of a sum, or of a collection of several parti- 
cular numbers, which are joined and added together, one 
after another; as this supposes that each of the num- 
bers composing that sum, is known and determined. 
But as every series generally observes some regular law, 
and continually approaches towards a term, or limit, we 
can easily conceive it to be a whole of its own kind, and 
that it must have a certain real value, whether that value 
be determinable or not. * 

Thus in many series, a number is assignable, beyond 
which no number of its terms can ever reach, or, indeed, 
be ever perfectly equal to it ; but yet may approach to- 
wards it in such a manner, as to differ from it by lesi 
than any quantity that can be named. So that we may 
justly call this the value or sum of the series ; not as 
being a number found by the common method of addition, 
but such a limitation of the value of the series, takem 
in all its iufinite capacity, that, if it were possible to add 
all the terms together, one after another, the sum would 
be equal to that number. 

In other series, on the contrary, the aggregate, or 
value of the averal terms, taken collectively, has. no li- 
mitation ; which state of it may be expressed by saying, 
that the sum of the series is infinitely great ; or, that it 
has no determinate or assignable value, but may be car- 
ried on to such a length, that its sum shall exceed. any 
given number whatever. 
• 

Thus, as an illustration of the first of these cases, it 
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may-be observed, that if rbe the ratio, g the greatest 
term, and /the -least, of any decreasing geometric se- 
ritt, the turn, according to the common rule, will be 
(rg—l)-z-(r—l): and if we suppose the less extreme, 
*, to be diminished till it becomes =«0, the sum of the 
whole series will be rg-£-(r— 1) : for it is demonstrable, 
that the sum of no assignable number of terms of the se- 
ries can ever be equal to that quotient ; and yet no num- 
ber less than it will ever be equal to the ralue of the se- 
ries. 

Whatever consequences, therefore, follow from the 
supposition of rg~(r— 1) being the true and adequate 
value of the series, taken in all its infinite capacity, as if 
all the parts were actually determined, and added toge- 
ther, no assignable error can possibly arise from them, 
in any operation or- demonstration where the sum is used 
in that sense ; because, if it should be said that the series 
exceeds that value, it can be proved, that this excess 
must be less than any assignable difference ; which is, 
in effect, no difference at all ; whence the supposed 
error cannot exist, and consequently rg-r-(r— 1) may be 
looked upon as expressing the true value of the series, 
continued to infinity. 

We are, also, farther satisfied of the reasonableness of 
this doctrine, by finding, in fact, that a finite quantity is 
frequently convertible into an infinite series, as appears 
in the case of circulating decimals. Thus two-thirds ex- 
pressed decimally is £=.66666 &c..= ^ + T f * + T .r\r 
+ -rdfiro + & c * continued ad infinitum. But this is a 
geometric series, the first term of which is T %-, and the 
ratio T V ; and therefore the sum of all its terms, conti- 
nued to infinity, will evidently be equal to £, or the num- 
ber from which it was originally derived. And the same 
maybe shewn of many other series, and of all circulat- 
ing decimals in general. 

• 

With respect to the processes by which the summa. 



176 SUMMATION OP INFINITE SERIES. 

tioo of various kinds of infinite series are usually ob- 
tained, one of the principal is by the method of differ- 
ences, pointed out and illustrated in prob. iv. next fol- 
lowing. 

Another method k that first employed by James and 
John Bernoulli, which consists in resolving the given se- 
ries into several others of which the summation is known ; 
or by subtracting from an assumed series, when put =8, 
the same series, deprived of some of its- first terms ; in 
which case a new series will arise, the sum of which will 
be known. 

A third method, which Js that of Demoivre, consists 
in putting the sum of the series =9, and multiplying 
each side of the equation by some binomial or trinomial 
expression, which involves the powers of the unknown 
quantity s, and certain known co-efficients ; then, taking 
or, after the process is performed, of such a value that 
the assumed binomial, &c* shall become =0, and trans- 
posing some of the first terms, a series will arise, the sum 
of which will be known, as before. 

Each of which methods, modified so as to render it 
more commodious in practice, together with several other 
artifices for the same purpose, will be found sufficiently 
elucidated in the miscellaneous questions succeeding the 
following problems. 



problem i. • 

Any series being given to find its several orders of dif- 
ferences. 



RULE. 

1. Take the first term from the second, the second 
from the third, the third from the fourth, &c. and the 
remainders will form a new series, called the Jirst order 
°f differences* 

2. Take the first term of this last series from the s^ 
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cond, the second from the third, the third from the fourth, 
&c. and the remainders will form another new series, call- 
ed the second order of differences. 

3. Proceed, in the same manner, for the third, fourth, 
fifth, &c. orders of differences ; and so on till they ter- 
minate, or are carried as far as may he thought neces- 
sary, («) 

EXAMPLES. 

1. Required the several orders of differences of the 
aeries 1, 2 2 , 8 3 , 4 a , 5 3 , 6*, &c. 

1, 4, 9, 16, 25, 36, &c. 

3,5, 7, 9, 11, &c. Istdiff. 

• 2, 2, 2, 2, fee. 2d diff. 

0, 0, 0, &c. 3d diff. 

2. Required the several orders of differences of the 
series h 2*, 3 3 , 4 3 , 6 3 , 6 3 , &c. 

1, 8, 27, 64, 125, 216, &c. 

7, 19, £7, 61, 91, kc. 1st diffl 

12, 18, 24, 30, &c. 2d diff. 

6, 6, 6, &c. 3d diff. 

0, 0, kc. 4th diff. 

3. Required the several orders of differences of the 
series 1, 3, 6, 10, 15, 21, &c. 

Ans. 1st, 2, 3, 4, 5, &c. ; 2d, 1, 1, 1, &c. 

4. Required the several orders of differences of the 
scries 1, 6, 20, 50, 105, 196, kc. 

Ans. 1st, 5, 12, 30, 46, 91, &c. ; 2d, 9, 16, 25, 
36, &c. ; 3d, 7, 9, 1 1, &c. ; 4th, 2, 2, &c. 



(it) When the several terms of the series continually increase, 
the differences will be all positive ; but when they decrease, the 
differences will be negative and positive aLteruiX&V^ . 
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6. Required the several orders of differences of the 

• * l ! i l ib, 
series — , — • — • — • — , *c« 

%' 4' 8* 16* 32* 



PROBLEM II. 

Any series, a, h, c, d t c, &c. being given, to find the 
first term of the nth order of differences. 

RULE* 

Let 2 stand for the first term of the nth differences. 

r™ .1 i i » — 1 *— ln-2 JjL n-1 

Then will a— nb + n.— -c— n. -5-'"" V" n '""jT" 

.- .-JT— e &c. to n+1 terms =J, when n is an even 

3 4 ' 

number. 

, . n-1 . n-ln-2, n-1 n-2 
And — a + »^»--y-H-n.--jp.--^a— n.-^.-^ 

n— 3 



3 
ber. (x) 



e &c. to n + 1 terms =?, when n is an odd num- 



EXAMPLES. 



1. Required the first term of the third order of differ- 
erences of the series 1, 5, 15, 35, 70, &c. 

Here a, b, c, d, e, &c. =1, 5,' 15,,35, 70, &c. and 
n=3. 

Whence — a + rib — n.-^- c+n. — ^—. ~ d= — a 

2*23 



(a?) When the terms of the several orders of differences hap- 
pen to be very great, it will be more convenient to take tbe lo- 
garithms of the quantities concerned, whose differences vrlll.be 
smaller ; and, when the operation is finished, the quantity aft* 
swering to the last logarithm may be easily found. 
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-t-3&-3c+d=s- 1+15-46+35=4= the first term re- 
quired* 

2. Required the first term of the fourth order of dif- 
ferences of the series 1, 8, 27, 64, 126, &c. 

Here a, 6, c, d f e, &c. =1, 8, 27, 64, 125, &c. and 
n~4. 

Whence a — nb+ ».— — - c— n.— — •— «- »+n, — — 

!Ll£ .^Z"JL<! = a - 46 + 6c - 4d+«=l -32+162 -256 
3 4 

+ 1 25=0 ; so that the first term of the fourth order 

isO. 

3. . Required the first term of the eighth order of dif- 
ferences of the series, 1, 3, 9, 27, 81, &c. (y) 

Ans. 256- 

4. Required the first term of the fifth order of differ- 

r*u ,111111. 

ences of the series, 1» — , — . — . — • — . — ,&c. 

Ans. 

36 



. PROBLEM III. 

To find the nth term of the series, d 9 b, c, d, e, &c. 
when the differences of any order become at last equal 
to each other. 

RULE. 

Let d\ <T, <¥", d ir , &c. be the first of the several or* 
ders ef differences, found as in the last problem. 



(if) The labour, in questions of this kind may be often abridged, 
by putting ciphers for some of the terms at the beginning of the 
•eries ; by which means several of the difference- will be equal 

to 0, nod the answer, on that account, obtained tafctrct V£ro&> 
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Then will a+ -y- d'+ — p .— - d"+ — — 

— i—d'"-^ -^-- -. •— r- * A* =»th term re» 

3 12 3 4 

quired. 



EXAMPLES. 

i 

1. It is required to find the twelfth term of the series 

2,6, 18, SO,. 30,. tie. 

2, 6, 12, 20, 30, &c. 

4, 6, 8, 10, &c. 

2, 2, 2, 4*c. 

0, 0, &c. 

Here 4 and 2 are the first terms of the differences. 

Let, therefore, 4=d', 2=cf", and n=12. 

Then a+~ l d'+ ?=i . ~ d* = 2 + 11/ + &>" 

= 2 + 44 + 110 s=5 156 = 12th term, or the answer re- 
quired. 

2. Required the twentieth term of the series, 1, 3, 0, 
10, 15, 21, &c. 

1, 3, 6, 10, 15, 21, kc.\ 
2, 3, 4, 5, 6, kc. 
1, 1, 1, 1, &o. 
0, 0, 0, &c. 
Here 2 and 1 are the first terms of the differences. 

Let, therefore, 2=cf, \=d\ and n==20. 
Then a+^<r+^.!^^ 

+38+171=210=20th term required. 

3. Required the fifteenth term of the series, 1, 4, 9, 
16, 25 f 36, &c. Ans. S25 

4. Required th$ twentieth term of the series, 1*8, 27, 
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B. Required the thirtieth tenn of the series, 1, -, = 

PROBLEM IV. (z) 

To find thft sum of n terms of the series, <*, i, c, d, e» 
&c. when the differences of any order become at last 
equal to each other. 

RULE. 

Let <J\ <?', «T", cT 9 Ac. be the first of the several or* 
ders of differences. 

Then wiU «+•> . ?=>+n ' 2=1 . 2=*<r+» . !1=J 
to the sum of n terms of the series. 

EXAMPLES. 

1. Required the sum of n terms of the series, 1, 2> 9* 
4> 5, 6, &c. 

Here 1, 2, 3, 4, 5, 6, &c. 
1, 1, 1, 1, 1, &c. 
0, 0, 0, 0, &c. 
Where 1 and O are the first terms of the difference*, 
Let, therefor*, a=l, d =1, and d''=0. 

Then will na+n.-^—d^ 11 ^ — 9~~ — ^"^ 9nm °f * 
terms, as required* 



■AM 



(z) When the differences in this or the former rule are finally 
■k0> any term, or the sum of any number of the terms, may be 
accurately determined t but if the differences do not vanish, the 
result is only an approximation ; which, however, may be often 
vary usefully applied in resolving various questions that may oo «" 
*ur in this branch of the subject, and which will become contU 

nuaUy nearer the truth as the difference* 

R 
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2. Required the sum of n terms of the series, I s , £*, 
3», 4 s , 6 s , &c, or 1, 4, 9, 16, 25, &c. 

Here 1, 4, 9, 16, 25, &c. 

3, 6, 7, 9, &c. 

2, 2, 2, fee. 

0, 0, &c. " ' 

Where 8 and 2 are the first terms of the differences. 
Let, therefore, a=l, <f=3, and d r =2. 

Then will na+n . ^d'+n.lzi .iZ? <*" = n + 3* 
n— 1 n— 1 n— 2 _ 3n»— 3» n»— 8n«+2» 

flX(n+l)X(2n+l) . . 

— i ^-_i z. = gam of n terms, as required. 

3. Required the sum of n terms of the series, l 3 , 2», 
33, 4 3 , 5 3 ,&c, or 1, 8, 27, 64, 126, &c. 

Here 1, 8, 27, 64, 126, &c. 

7, 19, 37, 61, &c. 

12, 18, 24, &c. 

6, 6, &c. 

0, &c«# 

Where the first terms of the differences are 7, 12, and 

r 

Let, therefore, a=l, <J'=7, #'=12, and <T':=6. 

Then will na + n. ~d f +n. n — .^rl tf'+n.— * 

2 2 3 2 

n— 2 n — 3 ,,„ . n— 1 . n — 1 n— 2 . 

-3-— d =n+7ii-g-+12».-^-.,_— + 6n. 

— 8 — .-3 j-— »+ g + 2»» — 6n» + 4» + 

n« - 6n 3 + 1 ln» — 6n _4n 14n» - 14n *» 8 — 24n» + 16n 
— xH j 1- J 



► 
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. »«-6n 3 + llna— 6» n 4 +2» 3 +n a A . 

H = — = sum of n ternte 

4 4 

as required. 

4. Required the sum of n terms of the series, 2, 6, 12, 
20, 30, &c. Ans. nX(n+.)X(n+ 2 ) 

3 

5. Required the sum of n terms of the series, 1, 3, 6 9 

10, 15, &c. Ans.*.?±i.!Lh* 

12 3 

6. Required the sum of n terms of the series, 1,4, 10, 
20, 35, &c. Ans. - . --- -^-, — — 

7. Required the sum of n terms of the series l 4 , 2*, 
3 4 , 4 4 , &c, or 1, 16, 81, 256, &c. 

Ans. 1— — +— — — 

6 ^ 2 T 3 30 

8. Required the sum of n terms of the series I s , 2 fi , 
x a w 8 . n 5 5w 4 n 8 

3», 4», f. &c. Ans. -j-hr+li -S 



PROBLEM V. 

The series a, ft, c, d, c, &c. being given, whose terms 
are an unit's distance from each other, to find any inter- 
mediate term by interpolation. 

RULE. 

Let x be the distance of any term y, that is to be in- 
terpolated, from the first term, and £> d!\ d!'\ &c. the 
terms of the differences. 

Then will a + xt +x. £=i <f +« .^Zl .?Zld'' +x .. 

* x «? 
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" - BXAltPLES. 

h Given the logarithmic sines of 1° 0', !• 1', 1° 
and 1» 3', to find the log. sine of 1° 1' 40". 

Here 1°(V 1* V 1*2' 1°3 

lines 8.2418653 8.2490332 8.2660943 8.2630424 

71779 70611 69481 

-1168 -1130 

38 
Whence the first terms of the differences are 71779, 

— 1168, and 38. 

Let, therefore, *=!• V 40"— 1° 0'=l'40"=lf= dis- 
tance of y, the term to be interpolated ; and d'= 71779, 
«T= _ 1168, and <T=38. 

Then will y = a + xd'+x. — d?'+x . — .^Z-V" • 
* 2 2 3 

*=«+ ^d+ 5 <*''- A ,*''' = 8.2418563 + .0119631 -{r 

4)000694 -.0000002=8.2538876= sine of 1* Y 40", as 
was required. 

2. Given the series — , — , — , — , — , &c. to find the 

60 61* 62 53' oT 

term which stands in the middle between the two terms 

1 . A l * A * 

— and — . Ans. — • 
62 53 106 

3. Given the natural tangents of 88° 54', 88° 55', .88* 
£6', 88* 67, 88« 58', 88? 59', to find the tangent of 88* 
68' 11,'. Ans. 66.711144 



PROBLEM VI. 

Having given a series of equidistant terms, a, 5, c, d, 
c, &c. whose first differences are small ; to find any in* 
termediate term by interpolation. 



' v 
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RULE. 

Find the value of the unknown quantity in the equa- 
tion which stands against the given number of terms r 
in the following table, and it will give the tern* re~ 
quired, (a). 

1. a-&=0 ^ 

2. a— 2b+c=zO 

3. a-36+3c-rf=iO 

4. a— 46+6c—4cJ+e=0 

5. a— 56+10c-10d+6e-l/==0 

6. a— 6*+15c-20tf+15«-6/+g=O « 



Gr 



Hn— 1 n — 1 n— 2 , , 

2 2 3 

n-1 n — 2 n— 3 . 
n . — •• . — — . — — e &c. =0 
2 3 4 



EXAMPLES. 

1. Given the logarithms of 101, 102, 104, and 105;, 
to find the logarithm of 103. 

Here the number of terms- are 4. 

And against 4, in the table, we hare a— 4&+6c— 44> 

+e=*0 ; or c== 1 + J— 'v**** 1 *; «_ va j ue f ^ un- . 

6 
known quantity, or term to be found. 

| a=2.004321# 
Where, taking the logs of 6=2.0086002 
101, 102, 104, and 105 d=2:01 70333 

«=2.0211893 



(a) The more terms are given, in any series of this kind, the 
more accurately will the equation that is to be used approximate 
toward? the true- result, or answers required. 
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And consequently 

• - '■ 4 X (5+<*)= 16. 1025340 

'•= 4.0255107 




**. 



L V . ... 



2.0128372 = log. of 103, 
at required: 

2. Given the cube roots of 45, 46, 47, 48, and 49, to 
find the cube root of 50. Ans. 3.684031 

3. Given the logarithms of 60, 51, 52, 54, 55, and 56, 
to find the logarithm of 53. Ans. 1.7242758695 



PROMISCUOUS EXAMPLES RELATING TO SERIES. 

1. To find the sum (s) of n terms of the series, 1, 2, 
3, 4, 5, 6, &c. 

First, 1+2+3+4+5 &c. .... n=s. 
Andn+(»-.l)+(»-2)+{»-8)+(n-4) fee. 

+I=s 

Therefore, by addition, 
<»+l) + («+l) + (n+l) + (ii+l) + (n+l)te. . . .\ 

+(*+l)=2*. 

And consequently n(n+l)=32s ; or s= — 1 — = sum re- 
quired. 

2. To find the sum (s) of n terms of the series,!,. 3, 5, 
7, 9, 11, &c 



First, 1+3+5+7+9 kc .... (2n—l)=s. 

A«K2n-l)+(2*-3)+(2^5>+ • . .+!=$ 
Therefore by addition, 

2»+2ft+2»+2n+2n+ &c tn—2& 

And consequently 2*Xn=2# ; 



r 
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2n s 
Or s,=-— =n a = sum required. 

3. Required the; sum. (s) of * tWDs of, the series, a+ 
(a+d)+(o + 2d)+^-^^^+43>, &c. 

Firat,d + (a+^H.t«+l^ + («+^&c- r - • • • + 

And a+(nd — d)+a+ (nd — 2<*)+a+(nd — 3<*)+a+ 
(nd—4d) &c a=s. ^ 

Therefore, by addition, $a+(nd— d)+2a+(nd-d)+ 
2#+(twf— d) &c. .... +2a+(wd-d)=2s. 

And consequently (2a+nc2— d) Xn=2s ; 

Ors=(2a+*d— rf)X-= sum required. 

Or the same may be done in a different manner, as 
follows : 

a+(a+d)+(a+2d)+(a+3d)+(a+4d) &c. 
I (+1+1+1+1+1 &c.Xfl | 
I (+0+1+2+3+4 &c.)Xe* | ~" 8, 

- But n terms of 1 + 1 + 1+1+1 &c.=». 
Afid n terms of 0+1+2+3+4 &c. nX ( tt "" 1 ), 

Whence s=ao+ »*fr»-*) J _jg a + d („_ j)l X -, 
which is the same answer as before. 

4. To find the sum. (a) of » terms of the series 1, x % **, 

First, 1 +x+ar*+a; 3 +ap 4 ,&c s^rss. 

And ac+flf 3 +x 3 +x 4 +ap* t Ac x w =s*. 

Whence, by subtraction, s tt - 1^8a?<~s. 

x*— 1 
Or sgs ^ = sum required. 
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And, when x is a proper fraction, the sum of the se- 
ries, continued ad infinitum may be found in the same 
manned. ( 

4 

Thus, putting l+*+* I +* 3 +« 4 +« 5 >A tc:=:8 > 
We shall have x+x* +x* +x* +x s , &c.=sx, 

And consequently — l=sx— s; or s— &r=l, 

1 

Whence s= = sum of an infinite number of terms. 

1— x 

as was to be found. 

6. Required the sum (s) of the circulating decimal 
.999999 &c. continued ad infinitum. 

First, .999999 Uc.= -^ + — + -JL -| L__ & c .= 

' 10 ^ 100 T 1000 ^ 10000 

9 ^ + 4 + T^ + To5oo + &c ^ =s - 

Or, — +— A — — H — f-&c.=i 

' 10 MOOMOOOMOOOOb 9 

Therefore, 1+ i+— +— + &c. = — . 

10^100^1000^ 9 

And consequently 1= ——-5=.- = x g ; 

9 9 9 



Whence s =1= sum of the series. 

6. Required the sum (s) ©f the series a*+(a+i)*-£(f 
+2d)*+(a+3dy+(a+4d)* 9 kc. continued to n tenter 

Here 
First, a*— a* 

(a+d)a =a*+2Xlarf+Wa 
(a+2d)* =a* +2 X Stri-HUP 



^v« 



§= 
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(a+3d)* =fcoa +2 X $ad+9d* 

(a+4d)*=aa +2 X 4ad+ 16d» 

&c. &c*>' 

Whence 

Sum of » terms of (i + i+i+i+& c .)a» 
+ . . , ditto of (l+2+3+4+&a)2ad 
+ . . . ditto of (l+4+9+16+&c.)<* 
Bat n terms of l+l+l+l+&c.—n. 

Arid of 1+2+3+4 &c.~"£pi) 
Also of 1+4+9+fcc, — v f ■■ ; ■ ■ — J 

Therefore s=na 2 +n(n— \)ad + * "~ £ *~ / cft'i 
the whole sum of the series to » terms. 

7. Required the sum (s) of the seriesa 3 +(a+d) 3 + (a 
+2d) 3 +(a+3d) 3 +(a+4d) 3 &c continued to n terms. 

First) a 3 =« 3 

( a +<9 3 ==a 3 +3Xla 3 <J+3Xla<** + lcJ 3 
(a+2d) 3 =a 3 +3X2a«<*+3X4ad«+8cJ 3 
(a+3rf) 3 =a 3 +3X3a 3 d+3X9ad»+27(J* 
f a + 4d) 3 ==« 3 +3X4a*d+3X 16ac*«+64(* 3 
'a+5cQ 3 ==a 3 +3X5a*d+3X25ac* a + 125ci* 
&c. &c. 

Whence 

Sum of n terms of (1 + 1 + 1 + 1 &c.)o 3 
+ . . . ditto of (1+2+3+4 &c.)3a»d 
+ . . . ditto of (1+4+9+16 kc.)3ad* 
+ . . . ditto of (1+8+27+64 &c.)d* 
Butn terms of 1 + 1 + 1+1+1 &c.=». 

Ditto ... of l+2+3+4fcc.=^^' 

Ditto . . . ofl+4+9+16fcc^ n ^ l) ^7 1) 



i 



s=<= 
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«4 _9«i3 4-n 2 

Ditto . . of l+8+27+64&c.=!L^f!t 
Therefores=na 3 + -^ — g^ • + — ^-g + 

^ — ~~ n *" n * — = sum of n terms, as was to be found. 
4 

8. Required the sum (s) of n terms of the series 1 +3 
+7+l*+31&c. 

The terms of this series are evidently equal to 1 , ( 1 +2), 
(1+2+4), (1+&+4+8), &c, or to the successive sums 
of the geometrical series 1, 2, 4, 8, 16, &c. 

Let, therefore, a=l and r=2, and we shall have 

a+ar+ar 2 +ar 3 ar 4 &c. =1+2+4+8+16, &c. 

But the successive sums of 1,2, 3, 4, &c, terms of this 
•series are, 

r— 1 N ' r — 1 

ar s — a , „ -x a 
f._--Cr--l)X— , 

r— 1 v r — I 

ar*—a , -x . a 

4. — =(r*_l)X r 

r— 1 v ' r — 1 

&c. &c. 

rn . r a s/'\ n terms of r+r*+r3+r* &c. 

Therefore s-^-^X j _ n termg of I + 1+1+1 &c# 

But 1+1 + 1 + 1+1 + 1+1 &c.c= n 

And r+r»+r»+r*+&c.=*(r*- 1) X — % 

r— 1 

Whence s=-^ — -^X — ,-nX — ■ = 2(2*- - l)n = 
whole sum required. 
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d. It is required to find the sum of n terms of the se- 

. 13,7,15.31,63. 

nes -4—4-— 4 — 4 — &c. • 

1^2*4^ 8^61^32 

Here the terms of this series are the successive sums of 
the geometrical progression ^-4.-4.-4. -_fcc. 

1 <£ 4 o 10 

Let, therefore, a=l and r=2, then will 
— — — L_&c ==a+ — — &c. 

But the successive sums of 1,2, 3, 4, &c. terms of thjte 
series are, 



fr-lYX! V J r— * 



a 



(r -l)Xo " 

("r-l>X 

( f »-l)Xo 1 

*• [ r -Tt)x r -l r -r JX r-1 

(r 4 -l) Xa 1 a 

(r-l)Xr3 tr ""? )X r-l 

fee. fee. 



Therefore 



r— 1 



n terms of r+r+r+r+r &c. 

— n terms of-H — h-i+-, & c» 
1 r r* r 3 

These being the two series derive<^om the above ex- 
pressions, 

But r+r+r+r+r+r kn.=nr. 
1 . l 1 x . * 1 „ _ J*- 1 
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Whence 

.- a yf„. V "' w(— ') *+' 
quired 



eum re- 



10. Required the cum (s) of the infinite series of the 

v 1111 

reciprocals of the triangular »nmber --|--+^H — x+ 



1 ' 3 ' 6 ' 10 



H** 



Let -- — J— — — I— — -|— - — &c. ad infinitum =$• 



Then — +— 4 -i -f — &c. 
1.2^2.3*3.4^4.6 



8 



That is, (I ^)+(^i)+(i.I)+(I^.4. 



Or, 



JL.A-.I I I-I&c 
""2 3 4""5""6 7 

s 1 






Whence -*=- ; or s=2= sum required* 

11. And if it be required to find the Awn of H teffltf 
.*f the aame wi ^6f +3+g.+itf+|T ** 
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And z 1 — : — =:r+^+T+-frc to . 

lTii+1 2 T 3 l 4 r 5 - n+l 

-, , 1*1 1,1,1, 1. 4 1 1 
Therefore — *— r— «=^+c+i — hs-to. to 



1 n+l 2; 6 ' 1* ' 20 n n+f 

Or — —=-+-+ ~-^-—.&c. to 



n+ 1 2 ' 6 T 12 r 20 n(n+ 1)* 

Whence — r - r = T +~+-+ < &c. to- , , <x . 
n+l 1 ^3^6^ 10 n(n+l) 

Or I+I+I+-1+JL&C. to-A- =-^-.=:sumof nterflto 

1 ^3^6^ KT 15 n(n+l n+l 

of the series, as was required. 

1 
12. Required the sum of the infinite series, -—- + 

1 . * , I • 
2.3.4^3.4.5^4.5.6 

Let ar= — I — f--H — 1-- &c. ad infinitum. 
1^2 ^3^4 5 J 

Then z— -=-4.-+-+- &c. by transposition* 

*■* I= r2 + rs + S4 + r6 &c - by snbtraction - 

14 6 8 

Whence -= !»-— 7+ ,„ ■ &c. by subtraction. 

2 1.4.3^2.9.4^3.16.6 J 

1_ 2 . _2 2 2. 

2""1^2T3 2.3.4 + 3.4.5 + 4.5.6 C ' 

^8 • 1.2.3^2.3.4^3.4.5^ 

'8 



; 
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1 1 1 1 .1 . 1 

But _— 2cs— ; therefore ,. | -4- — — — -4- ■ 

«d infinitum =-, which is the sum required. 

13. And if it were. required to find the sum of n term 
•f the same series -53+^ +3^+4^- 

Ill 1 

Let *=-■ ^+5- +s-,+ &c. to 



1.2 '2.3 '3.4 n(n+l) 

Then z— i=— + — +— &c. to— ^ — 
2 2.3^3.4^4.5 n(n+iy 

. - 1, _1 ± .1.1 I , * , 

Andz- j+^ i ^ + ^_^ 3+ _ + _ + _ + _ + 

to n term* by subtraction. 

Whence 1- ^^ — =^+-^+-1. &«.. to 

n terms, by division. 

And consequently r^-o+s-^+s-T-r **. continued to » 

J.X.P Z.3.4 0.4*0 

terns = i-__ip- iS = sum „qui«A 



% 



14. Required the sum (s) of the series ---4-- - 

w 2 4^8 16 



— - &c. continued ad ufrUum. 
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Let a?=- and s= 



2 l+# 

Then -l-=a:(l— x + x 2-. x *+x* kc.) 
l-\-x * 

And z=(l+a;)X(ar-a; 3 +x 3 -a: 4 +a; 5 &cO 
Whence, by multiplication, 
a:— a; 3 -fic 3 — x*+x 5 kc. 
1+x 



a;— ar*+a; 3 — ar 4 +s 5 kc. 
x +a? 3 — a? 3 +**—** &c. 

Whose sum is =ar+0+0+0+0 &c. 
Therefore 2=o:, and a;— a; 3 + * 3 — * 4 + * s &c. 

1 '■' U1&C. = 4-=i= 



i-f* 



0r 2-i+8-16 + 32 &C - = 1+*" S ° m reqdre<li 

12 3 4 

15. Required the sum of the series — I — 1--H ^ 

^ 2 n 4 n 8^16, 

lie. continued ad infinitum. 

, 1 . z 

Let a?=- and 8 = -rz r,^. 

2 (1 — x) 2 

Then _±_===x+2x»+3x*+4a? 4 +5«* fec; 

And 2r=(l— x) a X(a:+?a*+3a? 3 +4a:«+5a;« &c.) 
Whence, by multiplication, 
*+2x a -f 3x 3 +4x* kc. 
1— 2s+a? 3 

- x+2x a +3a? 3 +4a: 4 &c. 

-2a; 3 — 4s 3 — &r 3 fcc. 

+x 3 +2a?« tec. 



Whmwmw ^x+0+O^q+Qkc^ 



1 
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Therefore 2=z, 
And x+2**+3* 8 +4* 4 +5*«&c.~ 



g r I+?+? + 4+— +— &c.=— -J_-==2=sum of the 
.infinite series required. 

14 
1$. It is required to find the sum (s) of the series -+- 

*27 + 01*243 * C * continued ** infinte™* 

Let a?=- and — r— =s. 

3 (I-*) 3 

Then—- i-— — s+4a?»H-3* 3 +16**+25a;» &c. 
(1 -*) 8 
And *==(!— a:) 3 X(*+4x»+9a;3+16x« &c,)=jH-S 2 > 
as will be found by actual multiplication. 

Therefore x+ a 3 ~z 9 
And x+4oft+9*»+i6x* *c.+*QlE^ 

Or, 

ijAi* .**• i(l+i) 3 fl 

sV^+81** =(h^i=5-H=s^ required. 

17. Required the sum (s) of the series ^ — | — — + 

— r-+ &c. continued ad infinitum. 

mr* mr* * . 

1 

Letx=-, ands= 



r m(l-£)» 

T|en * =i+f±^+^+^fcc. 
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That is, * 



0-*) 3 

a+(a+e*)s-|-(a+2<fyr» +(a+3d)* 3 +(a+4d)* 4 &c. • 
And z a (1 - *)> X {a+(a+d)x-p(a+2rf)*»+(a+3(0 

x 3 &c.l=(l— a?)a+rfar, 
as will appear by actually multiplying by ( 1— »)* 

Therefore z =s (l—x)a + d% ; and consequently — u- 
— T+— — &c.==- 1 -i. — ' • I = sum of the infiV 

«w for 3 m C (r— 1)* V 

nite series required. 



EXAMPLES FOR PRACTICE. 



1. Required the sum of 100 terms of the series 2, 5, 8. 
11, 14, &c. Ans. 15050' 

2. Required the sum of 50 terms of the series 1+2 2 
+3 2 +4»+5 a &c. Ans. 42925- 

3. It is required to find the sum of the series 1 -f-3x-f*~ 

6x* + 10#3-{-l6x 4 continued ad infinitum, &c; when x \i- 

less than 1. A 1 

Ans. 



(l-*)*\ 

4. It is required to find the sum of the series V+4x* + 
K) X 2 -\-20x 3 +3bx* &c. continued ad infinitum, when a: is 
less than 1. - „ 1 



5u It is required to find the sum of the infinite series 

_t—i 1 — -+— r&c. Ans. — -, or - 

1^3 3:5 T 5.7^7.9 10' 2 

6. Required the sum of 40 terms of the series (1 X2); 
+<3X4)+(»X6)+(7X8) &c. An-tiMtV 
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2*-»l 

7. Required the torn of n terms of the genes 

+ 1- 1 &c. Ans. n(— — j 

T 2x T 2* T 2* V 2* ' 

8. Required the sum of the infinite series + 

111 . ' ± 

2.3.4.5 + 3.4.$.6 + 4.6.6.7 C * *18 

9. Required the sum of the series 7+4+10+55+ 

1 3 1 

— , &c. continued ad infinitum* Ans. -, or I5 

3p 2 * 

10. It is required to find the sum of n terms of the serist 

I+8aH-27**+64* 8 +12Sx 4 &©. A 14-4*+** 

Ans. — - -rr- 

(I-*) 4 

.1 2 

1 1. Required the sum of n term of the series — hrr 

.8,4^5,6. ,^ 1 1 (nr+f-li 

12. Required the sum of the series _4-_4— — 

2.0 4.0 • o.lO 

1 . .1 

..eif &c - • • • + M4+i^r w 

Ans.X=-?-,s **+*» 

13. Required the sum of the series f-_i__i._L 

3.8 T 6. 1« T ».16 

• + i2T0 &C ' ■' * ' + 3n(4+4nV 



1 

Ans. S= — , 8= 



■W- «+l*i 



(6) The symbol 2, made use of in these, and some of the. & 
lowing series, denotes the sum of an infinite number of 

>wd s the sum «f n terms. •*««■»«*»* 
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c* r a 

14. Required the sum pf the series — f 1 

2*7^7.12^12.17 

, J* , 6 

r 17.22 * C + (6n-8).(5n+2)' 

x A ^ 3 3n 

AttS. a——* S= 



6 2+6» 
1 J ■ 1 



15. Required the sum of the series — m ~-]r-\ — 

3.6 ••8 r 9.10 



1 ±l 1 



1«.12 - ~3n(4+2n)' 

Am. X= — , 8= 



24* 2(3+6n 4(6+6* 
2 3 4 

16. Required the sum of the series—- — h- — ~ 

3.6 (W 7.9 

5 , . 1 +n 

0.11 " (l+fiiJ^S+Si)" 

111 



Ads. 2=—, s = 



12' 12 4(3+4n) 

K ft *J 

17. Required the sum of the series-—— +-— — I 

* 1.2.3^2.3.4^3.4.6 

j 8 4+» 

^i^* ' ' * * + n(l+n).(2+nV 

2* 2 l+» T *+is> ' 



mmtmmtt 



(c) The series here treated of are such as are usually called 
algebraical ; which, of course, embrace only a small part of the 
whole doctrine. Those* therefore, who may wish for farther in- 
formation on this abstruse but highly curious subject y are referred 
to the Mitcellanea Analytic* of Demoivre, Sterling's Method. 
IMffer., James Bernoulli de Stru lnfin. % Simpson's Math. Dissert. f 
Wiring's Medit. Analyt , Clark's translation of Largruta Serif* 

Uxt runout works of Bute, snd Iactou TruMi *i Cubd&f. $f 



it 



tOO LOGARITHMS; 



Of LOGARITHMS. 



(m) Logarithms are a set of numbers that have 
been computed and formed into tables, for the purpose 
of facilitating many difficult arithmetical calculations ; 
being so contrived, that the addition and subtraction of 
them answers to the multiplication and division of the 
natural numbers with which they are made to corre- 
spond, (d) , 

Or, when taken in a similar bat more general sense, 
logarithms may be considered as the exponents of the 
powers to which a given, or invariable, number must be 



Int., where they will find nearly all the materials that have been 
hitherto collected respecting this branch of analysis. 

(</) This mode of computation, which is one of the happiest 
and most useful discoveries Of modern times, is due to Lord Na- 
pier, Baron of Merchiston, in Scotland, who first published a, 
tabte of these numbers, in the year 1614, under the title of Canon 
Xrificum Legurithmorum.t which performance was eagerly re* 
ceived by the learned throughout Europe, whose efforts were 
immediately directed to the improvement and extensions of the 
new calculus, that had so unexpectedly presented itself. 

Mr. Henry Bright, in particular, who was, at that time, pro- 
fessor of geometry in Gresham College, greatly contributed to the 
advancement of this doctrine, not only by the very advantageous 
alteration which he first introduced into the system of these 
numbers, by making 1 the logarithm of 10, instead of 23025852; 
as had been done by Napier^ but also by the publication, in 1624 
and 1633, of his two great works, the Arithmetic** Logarithmic^ 
and the Trigonomeiria Britanica t both of which were formed upon 
the principle above mentioned ; as are, likewise, all our common 
logarithmic tables, at present in use. 

See, for farther details on this part of the subject, the lntrodae* 
tion to my Treatise of Plane and Spherical Trigonometry, 8v6. 2d> 
Edit. 1813 ; and for the construction and use of the tablet*, consult- 
those of Sberwin, Hutton, Taylor, Callet, and. Borda, where every 
Mcce**fuy information, of Una kind may. he readily obtained 



> 
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rfeised, in order to produce all the common, or natural 
numbers. Thus, if 

a*=y, a*=y\ a*"=y", &c. : ,-, w 

then will the indices or, x% x" &c. #f the several powers 
of o, he the logarithms of t}ie numbers y, y\ y\ &c. in 
the scale, or system, of which a is the base. 

So that, from either of these formulae; it appears, that 
the logarithm of any number, taken separately, is the 
index of that power of some other number, which, when, 
involved in the usual way, is equal to the given number. 

And since the base a, in the above expressions, can 
be assumed of any value, greater or less than 1, it is 
olain that there may be an endless variety of systems of 
logarithms, answering to the same natural numbers. 

It is, likewise, farther evident, from the first of these 
equations, that when y=l, x will be =0, whatever may 
be the value of a ; and consequently the logarithm of 
1 is always 0, in every system of logarithms. 

And if x=l, it is manifest, from the same equation, 
that the base a will be =y ; which base is, therefore, 
the number whose proper logarithm, in the system to 
which it belongs, is 1. 

Abo, because a*=y i and a*'—y\ it follows, from the 
multiplication of powers, that o* X a*\ or a* + *'=yy' ; 
and consequently, by the definition of logarithms, given 
above, x-\-x'= log. yy\ or 

log. yy'= log. y+log. y. 

And, for a like reason, if any number of the equa- 
tions a*=y 9 a*=y\ a*"=»y", &c. be multiplied together, 
we shall have ** f *'+*' & **=yy'y" kc< ; and consequently 
aj+sc'-fV &c =log. yyV&c. ; or 

log. yyY &c. =log. y+ log. y + log. y" &c. 

from which it is evident, that the logarithm of the pro- 
duct of any number of factors is equal to the sum of the 
logarithms of those factors. 
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• 

Hence, if all the factors of a given number, in any 
case of this kind, be supposed equal to each other, and 
the sum of them be denoted by ro, the preceding property 
will then bc v _me 

~" log. ^—m log. y. 

m 

From which it appears, that the logarithm of the wta 
power of any number is equal to m times the logarithm 
of that number. 

In like manner, if the equation a x =y be divided by o^= 
y, we shall have, from the nature of powers, as before, 

-p, or a^sr: ± j and by the definition of logarithms, 
laid down, in the first part of this article, *—*'== log. 

y 

y 

log^= log. y- log. y. 
y 

Hence the logarithm of a fraction, or of the quotient 
arising' from dividing one number by another, is equal 
to the logarithm of the numerator minus the logarithm 
•f the denominator. 

And if each member of the common equation a* 3 ^ 

be raised to the fractional power denoted by — , we shall 

n 

mm' 

have, in that case, o»* =*y^ > 

And, consequently, by taking the logarithms, as before, 
tn !? ™ rn 

r 1 ^ i°g- y» » or *°g y» = - - log. y 

/n . n 

Where it appears, that the logarithm of a mixed root, 
or power, of any number, is found by multiplying the 
logarithm of the given number by the numerator of the 
indent of that power, and dividing the result by the to 
nominator. 

And if the numerator m, of the fractional index, be*. 
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in thia case, taken equal to 1, the above formula will then 
become l 

log. 2p"=— log. y. 
n 

From which it fellows, that the logarithm of the nth 
root of any number is equal to the nth part of the loga- 
rithm of that number. 

Hence, besides the use of logarithms in abridging the 
operations of multiplication and division, they are equally 
applicable to the raising of powers and extracting of roots ; 
which are performed by simply multiplying the given loga- 
rithm by the index of the power, or dividing it by the 
number denoting the root. 

But, although the properties here mentioned are com- 
mon to every system of logarithms, it was necessary, for 
practical purposes, to select some one of them from the - 
rest, and to adapt the logarithms of all the natural num- 
bers to that particular scale. 

And as 10 is the base of our present system of arithme- 
tic, the same number has accordingly been chosen for the 
base of the logarithmic system, now generally used. 

So that, according to this scale, which is that of the com- 
mon logarithmic tables, the numbers 

♦ . . 10* 10* 10*, W\ 10», 10 1 , lfiF t 10», 10S&C. 

Or 

. . . — i-;_I-, — ,— , i, io, ioo, ioeo, ioooo, fcc. 

10000* 1000' 100 10' ' 

have for their logarithms 

. . , _4, -3, -2, - 1, 0, 1, 2, 3, 4, &c 
Which are evidently a set of numbers in arithmetical 
progression, answering to another set is geometrical 
progression ; as is the case in every system of loga- 
rithms* 

And therefore, since the common, or tabular, loga- 
rithm of any number (n) is the index of that power of 
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10, which when involved, is equal to the given number^ 
it, is plain, from the following equation, 

, / 10*=n,or 10*=-, 

n 

that the logarithms of all the intermediate numbers, in 
the above series, may be assigned by approximation, 
and made to occupy their proper places in the general 
scale. 

It is also evident, that the logarithms of 1, 10, 100, 
1000, &c. being 0, 1,2, 3, &c. respectively, the logarithm 
of any number, falling between and 1 , will be and too* 
decimal parte ; that of a number between 10 and 100, 1 
and some decimal parts ; of a number between 100 and 
1000, 2 and some decimal parts ; and so on, for ouW 
numbers of this kind. 

And for a similar reason, the logarithms of - -, — , 

10 1U0 

,&c. or of their equals .1, .01, .001, &£. in the 



1000 

descending part of the scale, being — 1, —2, —3, &c. the 
logarithm of any number, falling between O and 1, will be 
— 1 , and some positive decimal parts ; that of a number 
between .1 and .01, — 2 and some positive decimal parts ; 
of a number between .01 and .001, —3, and some positive 
decimal parts ; &c. 

Hence, likewise, as the multiplying or dividing of any 
number by 10, 100. 1000, &c. is performed by barely in- 
creasing or diminishing the integral part of its logarithm 
by 1, 2, 3, &c. it is. obvious that all numbers, which con- 
sist of die same figures, whether they be integral, frac- 
tional, or mixed, will have, for the decimal part of their 
logarithms, the same positive quantity* 

So that, in this system, the integral part of any loga- 
rithm, which is usually called its index, or character* 
istic, is always less by 1 than the number of integers 
which the natural number consists of ; and for ifrnrinmfof 



LOGARITHMS. 



205 



it is the number which denotes the distance of the first 
significant figure from the place of units. 

Thus, according to the logarithmic tables in common 
use, we have 



/ 



Numbers. 


Logarithms* 


1.36820 


0.1361496 


20.0500 


1.3021144 


335.260 


2.5263817 


.46521 


1.6676490 


.06154 


2.7891575 


&c. 


&c. 



Where the sign —-is put over the index, instead of 
before it, when that part of the logarithm is negative, in 
order to distinguish it from the decimal part, which is al- 
ways to be considered as +, or affirmative. 

Also, agreeably to what has been before observed, the 
logarithm of 38540 being 4.5859117, the logarithms of 
any other numbers, consisting of the same figures, will be 
as follows: 



Numbers. 


Logarithms* 


3854 


3.5859117 


385.4 


2.5859117 


38.54 


1.5859117 


3.854 


0.5859117 


.3854 


T.5859117 


.03854 


2.5869117 


.003854 I 


3.5869117 



Which logarithms, in this case, as well as in all others 
of a similar kind, whether the number contains ciphers 
or not, differ only in their indices, the decimal, or posi- 
tive part, being the same in them all. (e) 



(e) The great advantages attending the common, or Briggean 
system of logarithms, above all others, arUftdusfrs tonO&fc'^fcSx- 
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And as the indices, or integral parts, of the logarithm* 
of any numbers whatever, in this aye tern, can always be 
thus readily found from the simple Cttoeiderdtim of the 
rule above auctioned, they are generally omittfd in the 
tables, being left to be supplied by the operator, as occa- 
sion requires. 

It may here, also, be farther added, that, when the 
logarithm of a given number, in any particular system, is 
known, it will be easy to find the logarithm of the. same 
number in any other system, by means of the following 
equations, 

a*~n y and e*'=n ; or log. n=a?, and / »=«*. 

Where log. denotes the logarithm of n, in the system of 
which a is the base, and 1. its logarithm in the system of 
which t is the base. 

£ *' 

For, since «*=«*', or a*'=e , and e* =a, we shall have, 

x 
for the bsjte a, — -==l©g. e, or x~x log. t \ 

x' 

x' 
~and for the base e,— =1. o, or ac'=a; 1. a. 

x 

Whence, by substitution, from the former equations) 

log n=l. »Xlog. e ; or log. n=l. nX r , 

La 

1 

Where the multiplier log. e, or its equal r— , ei- 

l.a 



ness with which we can always find the characteristic or integral 
part of any logarithm from the bare inspection- of the natural num- 
ber to which it belongs, and the circumstance, that multiplying 
.or dividing any number by 10, 100, 1000, &c only influences U>e 
characteristic of its logarithm, without affecting the decimal 
part. Thus, for instance, if i be made to denote the index, or in- 
tegral part of the logarithm of any number n, and d its decimal 
part, we shall have log N=»-f d; log. 10"»x n~»(*+ m)+> d ; ldg. 

~ - =s (»—»»)+</,• where it is plain that the decimal part of the 
logarithm, in each of these casts, temwtvs the same. 
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presses the constant relation which the logarithms of n 
have to each other in the systems to which they be* 
long. 

But the only system of these numbers, deserving of 
notice, except that above described, is the one that fur- 
nishes what have been usually called hyperbolic or Ne- 
pemn logarithms, the base, e of which is 2.718281828 
469. ... 

Hence, in comparing these with the common or tabular 
logarithms, we shall, have, by putting a in the latter of the 
abore formulae =10, the expression 

1 
log. n=l. »X — , or I. n=log. nXl. 10. 

Where log. in this case, denotes the common tabular 
logarithm of the number w, and 1. its hyperbolic loga- 
rithm ; the constant factor, or multiplier, -—, which is 

2 /or its equal .4342944819* 

2.3025850929* ^ ' 

being what is usually called the modulus of the common 

system of logarithms. (/) 

PROBLEM I. 

To compute' the logarithm of any of the natural .num- 
bers 1, 2, 3, 4, 5, &c. 



ff) It may here be" remarked, that, although the common loga- 
rithms have superseded the use of hyperbolic or Neper i an loga- 
rithmsy in all the drdinary operations to which these numbers are 
generally applied, yet the latter are not without some advantages 
peculiar to themselves ; heing of frequent occurrence in the ap- 
plication of the Fluxionary Calculus, to many analytical and phy- 
sical problems, where they are required for the finding of certain 
<Aiienfsi which could not he so readily determined without their as- 
sistance; on which account, great pains have bt?t- iiVen to cslcu- 
lat** tables of hyp r :rboh> logarithms, to a e<r:.-Y -* cx'-*nt, 
chiefly for this purpose Mr Barlow, \*\ » CV.'- *'•'>-, </. ■' • .the- 
matical Tablet lately published, has given them tor th&itatl K&RA 
numbers, 
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RULE I. 

1. Take the geometrical series, 1, 10, 100, 1000, 10000, 
&c. and apply to it the arithmetical series, 0, 1,2, 3, 4, 
&c. as logarithms. 

2. Fiod a geometric mean between 1 and 10, 10 tod 
100, or any other two adjacent terms of the series, be* 
twizt which the number proposed lies. 

3. Also, between the mean, thus found, and the near- 
est extreme, find another geometrical mean, in the same 
manner ; and so on, till you are arrived within the propos- 
ed limit of the number whose logarithm is sought. 

4. Find, likewise, as many arithmetical means between 
the corresponding terms of the other series, 0, 1,2, 3, 
4, &c. in the same order as you found the geometrical 
ones, and the' last of these will be the logarithm answering 
to the number required. 



EXAMPLES. 

1. Let it be required to find the logarithm of 9. 

Here the proposed number lies between "1 and 10. 

First, then, the log. of 10 is 1, and the log of 1 is 0. 

Therefore ^/(lO x 1) =^/l0=3. 1622777 is the geome- 
trical mean ; 

And |(l+0)=$=.5 is the arithmetical mean ;, 

Hence the log. of 3.1622777 is .6. 

Secondly, the log. of 10 is 1, *nd the log of 3.1622777 
is .5. 

Therefore ^(10X3.1 622777) =5.6234 132 is the geo- 
. metrical mean ; 

And £(l+.5)=.?5is the arithmetical mean ; 
Hence the log. of 5 6234132 is .75. 
Thirdly, the log. of 10 is 1, and the log of 5.6234132 
is .75 ; 

Therefore v/(}0X5.6234132)=7 4989422 is the geo- 
metrical mean ; 

And i(l +.75)=. 875 is the arithmetical mean ; 
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Hftnce 4he log. of 7.4989422 is .875. 

Fourthly, the log. of 10 is 1, and the log. of 7.4980422 
is .875 ; 

Therefore ^(10X7.4989422) =t 8.6596431 is the ge- 
ometrical mean', 

And £(l+.875)=.9375 Is the arithmetical mean ; 

Hence the log. of 8.6596431 is .9375. 

, Fifthly, tfie log. of 10 is 1, and the log. of 8.6596431 is 

Therefore v /(l0X8.§58643l)=9.3O572O4 is the ge- 
ometrical' mead, 

And £(!+. 9375)=. 96875 is the arithmetical mean ; 

Hence the log. of 9.3057204 is .96875. 

Sixthly, the log. of 8.6596431 is .9375, and the log. of 
9.3057204 is .96875 ; 

Therefore ^/(8.659643rX9.30«7204)=^8-9768713 is 
the geometrical mean, » 

And £(.9375+.96875)=. 953125 is the arithmetical 
mean ; 

Hence the log. of 8.9768713 is .953125. « 

And, by proceeding in this manner, it will be found, 
after 25 extractions, that the logarithm of 8.9999998 
is .9542425 ; which may be taken for the logarithm of 
9, as it differs from it so little, that it may be considered as 
sufficiently exact for all practical purposes. 

And in this manner were the logarithms of all. the prime 
numbers at first computed. 



/ 



RULE II. 



When the logarithm of any number (n) is known, the 
logarithm of the next greater number may be readily 
found from the following series, by calculating a sufficient 

T 2 
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number of its term,' and then adding the given logarithm 
to their sum. * • 

Log. (»"+l)=log.»+«'{^|fi-+3 (2tt+1) 3 +■ 6 («»+l)« 

* T 7(«H-0 T ^H-iy ii( 8fl +i) 11 * 

Or 
Log. («+ l)=log. » + {^2-^-— ^+' 5(2n+1)4 
j 5c 7d , iv 9« v 

Where a, b, c, &c. represent the terms immediately 
preceding those in which they are first used, and m'=- 
twice the modulus=.8685889638 . . v (g) 



EXAMPLES. 



1. Let it be required to find the common logarithm of 
the number 2. 

Here, because n+l=2, and consequently n=l and 

25+1=3, we shall have 

h' .8685889638 anf%maMm ' , N 

— =.289529664 (a) 



2n+l 3 
a .289529654 



3(2tt+l) a 3.3* 



:.010723321 (b) 



(g) It may here be remarked* that the difference between the 
logarithms of any two consecutive numbers, is so much the less as 
the numbers are greater ; and consequently the series which com- 
prises the latter part vi the above expression, will in that case 
converge so much the faster. Thus log* n and log. (n+1), or its 

equal log. n + log. (1+-), will, obviously, differ but little from 



each other when ft is a large number. 
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Sb 3 X. 01 072332 1 



5(2n+l) a 5.3« 



= .000714888 (c) 



5c ^X.000714888^^^3^^ 



7(2n+l) a 7.3a 

7. = 7X.0OO05 6 737 = ^^ ^ 

9(2»+l) 2 9.3 a v ' 

»*JZ^*>±™^ .000000446 W 
ll(2n+l) a 11.3 a s ' 

lip "><«00()00446 = - 000000042(o) 



13(2n+l) a 13.3* 

13c _ 13 X. 00000004 2 
15(2n+l) a ~" 16^ 



= .009000004 (h) 



Sum of 8 terms . . .301029995 
Add log. of 1 . . . .000000000 



Log. of 2 . . . . .301029995 

Which logarithm is true to the last figure inclu- 
sively. 

' 2. < Let it be required to compute the logarithm of the 
Bumber 3. 

Here, since n+l=3, and consequently n=2, and 
2fi-f- ] =5, we shall hare 

m' .868688964 = mn * 95 (i) 



2n+l 6 

a .173717793 



3(2n+l) 2 3.5* 



. . =.002316237 (b) 



3b 3+002316237 ^^ cctft/ , , N 
— =.000056690 (c) 



5(2n+l) a 5.5 J 
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ln+\)* 7.5* v f 



7(2n+l) 3 

7d 7 X. 000001588 




.000000050(b) 



m&$ 



%6» 

£i«52S^-.ooee«wt(,) 

11.5 a v ' 



Sqm of 6 term* . . . .176091260 
Log of 2 SO 1029995 



Mta 



Log. of 3 .... . .477121265 

Which logarithm is also correct to the nearest unit in 
the last figure. 

And in the same way we may proceed to find the loga- 
rithm of any prime number 

Also, because the sum of the logarithms of any two 
numbers gives the logarithm of thf-ir product, and the 
difference of the logarithms the logarithm of their quo- 
tient, &c. ; we may readily compute, from the above two 
logarithms, and the logarithm of 10, which is 1, a great 
number of other logarithms, ae in the following exam- 
ples : 

3. Because 2X2=4, therefore log. 2 .301029995 

Mult by 2 2 



i 



gives log. 4 .602059990 



4. Because 2X3==0, therefore to > soi029995 

log. 2 S 
add log. 3 .477121255 

gives log. 6 .7781Alfc , 50 
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5. Because 2 S =8, therefore log. 2 .301029995 

mult, b y 5 3 

gives log. f*>903fl|ptoj^ ^ 

6. Because 3 s =9, therefore log. 3 .47712litfj|_ 

mult, by 2 2 **'• 

gives log. 9 .954242510 

7. Because y=5, therefore from } L000000000 

log. 10 J 
take log. 2 .301029995 

gives log. 5 .698970005 

8. Because 3X4=12, therefore/ .477121255 • 

add log. 4 .602059991 

gives log. 12 1.079181246 

And thus, by computing, according to the general for- 
mula, the logarithms of the next succeeding prime num- 
bers 7, 11, 13, 17, 19, 23, &c. we can find, by means 
of the simple rules, before" laid down for multiplication, 
division and the raising of powers, as many other loga- 
rithms as we please, or may speedily examine any loga- 
rithm in the table. 



MULTIPLICATION BY LOGARITHMS, 

* ■ 

Take out the logarithms of the factors from the table, 
and add them together ; then the natural number answer- 
ing to the sum will be the product required. 

Observing, in the addition, that what ia to te cttrcv*& 
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» 

from the decimal part of the logarithms it Always affirma- 
tive, and must, therefore, be added to the indices, or in- 
tegral parte* after the manner of positive and negative 
quantities tijUkebrti' 

"Which flamed will be found much more convenient, 
to those *wnV possess a slight knowledsd of this science, 
than Chat of using the arithmetical complements. 



BSAMPL1S. 



1. Multiply 37.153 by 4.086, by logarithms. 

Nos. Logs. 

37.153 .... 1.5699939 
4.086 .... 0.6112984 



Prod. 151.8071 . 2.1*12923 



2. Multiply 1 12.246 by 13.958,, by logarithms. 

./V<m. Logs. 

112.246 .... 2.0491709 
13.958 .... 1.1448232 



Prod. 1563.128 . 3.1939941 



3. Multiply 46.7512 by .3275, by logarithm 

' " JVb*. Logs 

46.7512 .... L6697928 

I .3275 .... T.5IJ2113 

Prod. 15.31102 . 1.1850041 



Here, the + 1, that is to be carrfed froft the decimals, 
cancels the — 1, and consequently there remains 1 mi 
the upper line to be atet dowu. 
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4. Multiply .37816 by .04782, by logarithms. 
Nos, Logs. 

.37616 .... T.677W56 Jj ,- .. 
.04782 . . .. . *.6796096* : v r 

Prod. .0180836 . 2.2572852 

Here the + 1 that is to be carried from the decimals, 
destroys the — 1, in the upper line, as before, and there 
remains the -*- 2 to be set down. 

6. Multiply 3.768, 2.053, and .007693, together. 

Nos, Logs, 

7.768 . . : . 0,6761109 
2.063 .... 0.3123889 

.007693 .... 3.8860997 

Prod. ,069511 . 2.7746995* 

Here the +1* that U to be carried 1 from the decimals, 
when added to —3, makes —2, to be set dawn. 

6. Multiply 3*566, 2.1046, .8372, and .0294, toge- 
ther. ' 

Nos. Logs. ^ 

3.686 ..... 0.654610 * 

2.1046 .... 0.323170 

.8372 ..... 1. 922829 

.0294 ..... 2.468347 

Prod. .1857618 . . T. 268956 



■ ■• 



Here the +2, that is to be carried, cancels the —2, and 
there remains the — 1 to be set down. 
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7. Multiply 23.14 by 5.062 by logarithms. 

Am. 117.1347 

8. Multiply 4.0763 bj 9.8432, by logarithms. 

< *^- Ans. 40.12383 

9. Multiply 498.256 by 41.2467, by logarithms. 

Ans. 20551.41 

10. Multiply 4.026747 by .012345, by logarithms. 

Ads. .0497102 

11. Multiply 3.12567, .02868, and .12379, together, 
by logarithms. Ans. 09 109706 

12. Multiply 2876.9) 10674, .098762, and .0031598, 
by logarithms. Ans. .0958299 



DIVISION BY LOGARITHMS. 



From the logarithm of the dividend, as found in the 
tables, subtract the logarithm of the divisor, and the 
natural number, answering to the remainder, will be the 
quotient required 

Observing, if the subtraction cannot be made in the 
usual way, to add, as.in the former rule, the. 1 that is to 
be carried from the decimal part, when it occurs," to the 
index^pf the logarithm of the divisor, and then this re- 
su It, With its sign changed, to the remaiuing index, for 
the index of the logarithm of the quotient. 



EXAMPLES. 

*■ 

1. Divide 4768.2 by 36.954, by logarithms. 
JVo«. Logs. 

47e8.2 .... 3.6783545 
36 954 ...• 1.5676615 



Quot., 129.032 , . 2.1106930 
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5. Divide 21.754 by 2.4678, by logarithms. 

Nos. Logs. 

21.764 . . . . 1.3375391 
2.4678 . . .... 0.3923100 



*■- 



Quot. 81518 . . 0.9452291. 

3. Divide 4.6257 by .17608, by logarithms. 

Nos. Logs. 

4.6257 .... 0.66517?? 

.17608 .... T.2457100 
Quot. 26.2741 . . 1.4194625 

. Here— 1, in the lower index, is changed into +1, which 
is then taken for the index of the result. 

4. Divide .27684 by 5.1576, by logarithms. 

Nos. Logs. 

.27684 .... 1.4422288 
5.1576 .... 0.7124477 

Quot. .0536761 . . 2.7297811 

Here the 1 that is to be carried from the decimals, is 
taken as 1, and then added to —1, in the uppqF- index* 
which gives —2 for the index of the result. '*" 

5. Divide 6.9S76 by .075789, by logarithms* 

Nos. Logs. 

6.9875 .... 0.8443^8 

.075789 . ,-. . . 2.8796062 
Quot 92.1967 . • 1.9647156 

U 



\ 
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Here the 1, that is to be carried from the decimals, is 
added to —2, which makes - 1, and this put down, with its 
sign changed, is-+l. 

6. Divide .19876 by .0012345, by logarithms. 
Acs. Logs. 

• 19876 .... l". 2983290 
.0012345 . \ . 3.0914911 



Quot. 161.0051 . 2.2068379 



Here —3, in the lower index, is changed into. +3, 
and this added to- — 1, the other index, gives +3 — 1 
«r 2. , 

7. Divide 125 by 1728, by logarithms. 

Ans. .0723379 

8. Divide 1728.95 by 1.10678, by logarithms. 

Ans. 1562.144 

9. Divide .1023674 by 4.96523, by logarithms. 

Ans. 2.061685 

10. Divide 19956.7 by .048235, by logarithms. 

Ans. 413739 

11. Divide .067859 by 1234.59, by logarithms. 

Ans. .0000549648 



THE RULE OP THREE, 

OR PROflPRTION, BY LOGARITHMS. 

For any single proportion, add the logarithms of the 
second and third terms together, and subtract the loga- 
rithm of the first from their sum, according to the forego- 
ing rules ; then the natural number answering to the re- 
sult will be the fourth term required. 



RULE OP THRBE BY LOGARITHMS. *!* 

But if the proportion be compound, add together the 
logarithms of all the terms that are to be multiplied, and 
from the result take the sum of the logarithms of the 
other terms, and the remainder will be the 'logarithm- of 
the term sought. 

Or, the same may be performed more conveniently 
thus, 

Find the complement of the logarithm of the first term 
of the proportion, or what it wants of 10, by beginning at 
the left hand, and taking each of its figures from 9, ex- 
cept the last significant figure, on the right, which must 
be taken from 10 ; then add this result and the logarithms 
of the other two terms together, and the sum, abating 10 
in the index, will be the logarithm of the forth term, as 
before. 

And, if two or more logarithms are to t& subtracted, 
as in the latter part of the above rule, add their com* 
plements and the logarithms of the terms to be multi- 
plied together, and the result, abating as many 10*s in 
the index as there are logarithms to be subtracted, will 
be the logarithm of the term required ; observing, when 
the index of the logarithm, whose complement is to be 
taken, is negative, to add it, as if it were affirmative, to 
9 ; and then take the rest of the figures from 9, as be- 
fore 



1. Find a fourth proportional to 37.125, 14.768, and 
135.279, by logarithms. 

Log. of 37.125 . . . l.£096665 

Complement .... 8.4303335 

Log. of 14.7G8 , . . 1.1693217 * 

Log. of 135.279 . . . 2.1312304 



*ns. 53.81099' . . 1.7305856 
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2. Find a fourth proportional to '05764, .7186, a*l 
.34721, by logarithms. 



Log. of .05764 . 

Complement . . 
Log. of .7186 . • 
Log. of .34721 

Ans. 4.328681 



2.7607240 

U.2392760 
£.8564872 
T.6405922 

0.6363554 



3. Find a third proportional to 12 796 and 3.24718, by 
logarithms. 9 

Log. of 12.796 . • . 1.1070742 

* 

Complement .... 8.8929258 

Log. of 3.24718 . . . Q.5115064 

Log. of 3.24718 . . . 0.5116064 



Ans, .8240216 . . 1.9159386 



4. Find the interest of 279Z. 5$. for 274 days, at 4i$ 
per cent, per annum, by logarithms. 

Comp log of 100 . • . 8.0000000 

Comp. log. of Ji0* . . . 7.4377071 

Log. of 2T*6"5 .... 2.4459932 

Log. of 274 ... * . 2.4377506 

Log. of 4.5 0.6532125 



Ans. 9.433296 . . . 0.9746634 



5. Find a fourth proportional to 12678, 14.065, and 
100.979, by logarithms. Ans. 112.0263 

6. Find a fourth proportional to 1.9864, .4678, and 
50*4567, by logarithms. Ans. 11.88262 



INVOLUTION BY LOGARITHMS. 2*1 

7. Find a . fourth proportional to .09656* .£4958, and 
.008967, by logarithms. Jp*. .02317234 

8. Find a mean proportional between .498621 and 
£.9587, and a third proportional to 12.796 and 3.24718 
fry logarithm*. Am. 17,66623 and .824Q21& 



INVOLUTION, 



OR THE RAISIKG OB POWERS BY LOGARITHMS. 



Take out the logarithm of the given nflbef from the 
tables, and multiply it by the index of flpe proposed 
power ; then the natural number, answering to the result, 
will be the power required. 

Observing, if the index of the logarithm be negative, 
that this part of the product will be negative ; but as* 
what is to be carried from the decimal part will be affir- 
mative/the index of the result must fee taken accord* 
iqgly. 



EXAMPLES 

/ 
/ 

U Find the square of 2.7OT^il|^pgarithms. 

Log. of 2.7668 . * . 0.4402477 

2 



Square 7.599946 • . 0.8804954 

9. Wnd the cube of 7.0851, by logarithms^ 
Log. of 7.0851 . . . 0.8503399 



Cube 355.6476 • . . 2.6510197 



22* INVOLUTION BT LOGARITHMS. 

3. Find the fifth power of .87451, by logarithms. 

Log* of .87461 . . * f.9417648 

5 



Fifth power .51 14695 . 1.7088240 

Where 6 times the negative index 1, being — 5, and +4 
Co carry, the index of the power is 1. 

4. Find the 365th power of 1.0045, by logarithms. 
Log. 1.0046 . . 0.0019499 

97495 
116994 
68497 




Power 5.148888 . 0.7117136 



- 6. Required the square of 6.05987, by Imrithtns. 

Ans. 36.72203 

6. Required the cube of .176546, by logarithms. 

Ans. .005602674 

•7. Required tire 4thjraer of .076643, by logarithms. 

^yj*^ Ans. 0000343269 

8. Required the 5th power of 2.97643 by logarithms. 

Ans. 233.6031 

9. Required the 6th power of 21.0676 by logarithms. 

Ans. 87187340 

H). Required the 7th power of 1.09684, by logarithms; 

An*. 1.909864 
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EVOLUTION, , ^: 

OR THE EXTRACTION OF ROOTS, BT LOGARITHMS, 

Take out the logarithm of the given number from the 
table, and divide it by 2 for the square root, 3 for the 
cube root, fee. and the natural number answering to the 
result will be the root required. 

But if it be a compound root, or one that consists 
both of a root and a power, multiply the logarithm of 
the given number by the numerator of the index, and 
divide the product by the denominator, for the logarithm 
of the root sought. 

Observing, in either case, when the index of the lo- 
garithm is negative, and cannot be divided without a 
remainder, to increase it by such a number as will ren- 
der it exactly divisible ; and then carry the units bor- 
rowed, as so many tens, to the first figure of the decimal 
part, and divide the whole accordingly. 



EXAMPLES. 

1. Find the square root of 27.465, by logarithms. 
Log. of 27.465 . . 2)1.4387796 

Root 6.2407 . . c% .7193898 



«u 



2. Find the cube root of 35.6415, by logarithms. 
Log. ef 35.6416 . . . 3)1.6519560 



WM 



Root 3.29093 5173186 



3* Find the 5th root of 7.0825, by logarithms. 
Log. of 7.0825 . . . 5)0.8501866 

Hoot 1.479235 . . . .1700373 
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L 4. Find the 365th root of 1.045, by logarithms. 
Log. of 1.045 . . 365)0.0191163 



Root 1.000121 ... 0.00005*4 



& Find the value of (.001234)* by logarithms.. 



Log. of 001234 

• 


... . 3.0913152 

2 


■ 


3)6,1826304 


Ans. .00115047 


. . . 2.0608768 



Here, the divisor 3 being contained exactly twice in 
the negative index — 6, the index of the quotient, to be 
put down, wiH be — ?2. 

Find the value of (.024554)* by logarithms. 

Log. of .024554 . . . 2.3901223 

3 



2)5.1703669 

Ans. .00384754 . . . 3.5851834 

* ^ _._ 

Here 2 not being contained exactly in -~5, 1 is added 
to it, which gives — 3 for the quotient; and the 1 that 
is borrowed* being carried to the next figure, makes 11, 
which, divided by 2, gives .58 &c. 

7. Required the square root of 365*5674, by loga- 
rithms. Aits. 19.11981 

8. Required. the cube root of 2.987635, by logarithms. 

Ans. 1.440265 



QUESTIONS IN LOGARITHMS, m 

9. Required the 4th root of .967845, by logarithms. 

Ans. -9918624 

10. Required the 7th root of .098674, by logarithms. 

Ans. .7183146 

21 5- 

11. Required the value of ( — r ) 3 , by logarithms. 

Ans. .149895 

112 s 

12. Required the value of ( -) s , by logarithms. 

Ans. .J 9371 15 - 

MISCELLANEOUS EXAMPLES IN LOGARITHMS. 

2 

1. Required the square root of — -, by logarithms. 

«. * Ads. .1275153 

1 

2. Required the cube root of -— --, by logarithms. 

3. 14159 

Ads. .6827842 

3. Required the .07 power of .00563, by logarithms. 

Ans. .6958821 

Or X (£) 

4. Required the value of 171 ' b ? log*"* 01118 ' 

Ans. .04279825 

15 7 

5. Required the value of -^/-X.012 \/ — , by loga- 

7 8 11 

rithms. Ans. 001165713 

6. Required the value of ±0^^, by lo- 
garithms. Ads. .3009158638 

7. Required the value of — (t^l£±li^!i), by 
logarithms. Ans. 49.38712 
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MISCELLANEOUS QUESTIONS. 

1. A person being asked what o'clock it was, replied 

* that it was between eight and nine, and that the hour 

and minute hands were exactly together ; what was the 

time ? Ans. 8h. 43min. 38 ^ T sec. 

" 2. A certain number, consisting of two places of 

figures, is equal to the difference of the squares of its 

t digits, and if 36 be added to it the digits will be inverted ; 

what is the number ? Ans. 48 

3. What two numbers are those, whose difference, 
l > sum, and product, arc to each other as the numbers 2, 

-3, and 5, respectively ? Ans. 2 and 10 

4. A person, in a party at cards, betted three shillings 
to two upon every^Heal, and after twenty deals found he 
had gained five shillings ; how many deals did he win ? 

Ans. 13. 

6. A person wishing to enclose a piece of ground with 
palisades, found, if he set them a foot asunder, ,that he 
should have too few by 150, but if he set them a yard 
asunder he should have too many by 70 ; how many 
had he ? Ans. 180 

6. A cistern will he filled by two cocks, a and b, run- 
ning together, in twelve hours, and by the cock a alone 
in twenty hours ; in what time will it be filled by the 
cock b alone ? Ans. 30 hours 

7. If three agents, a, b, c, can produce the effects a, 
h t c, in the times e % /, g, respectively ; in what time 
would they jointly produce the effect d. 

Ans. d+ (*+-+-) 
e f g 

8. What number is that, which being severally added 
to 3, 1 9, and 5 1 , shall make the results in geometrical 
progression ? Ans. 13 
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9. It is required to find two geometrical mean propor- 
tionals between 3 and 24 ; and four geometrical means 
between 3 and 96. 

Ans. 6 and 12 ; and 6, 12, 24, arid 4$ 

10. It is required to find six numbers in geometrical 
progression such, that their sum shall be 315, and the 
sum of the two extremes 165. 

Ans. 5, 10, 20, 40, 80, and 160 

11. The sum of two numbers is a, and the sum of 
their reciprocals is b ; required the numbers. 

12. After a certain number of men had been employ- 
ed on a piece of work for 24 days, and had half finished 
it, 16 men more were set on, by which the remaining 
half was completed in 16 days : bow many men were 
employed at first ; and what was the whole expence, at 
Is. 6d. a day per man ? Ans. 32 the number of men ; 

and the whole expence 115/. 4*. 

13. It is required to find two numbers such, that if the 
square of the first be added to the second, the sum shall 
be 62 9 and if the square of the second be added to the 
first, it shall be 176. Ans. 7 and 13 

. 14. The fore wheel of a carriage makes six revolu- 
tions more than the hind wheel, in going 1 20 yards ; but 
if the circumference of each wheel was increased by 
three feet, it would make only four revolutions more 
than the bind wheel in the same space ; what is the cir- 
cumference of each wheel ? Ans. 12 and 15 ieet 

15. It is required to divide a given number a into two 

such parts, x and y 9 ttiat the sum of mx and ny shall be 

equal to some other given number b. 

A ba— n am — If 

Ans. #= and 4 = 

m—n m—n 
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16. Out of a pipe of wine, containing 84 gallons, 10 
gallons were drawn off, and the vessel replenished with. 
10 gallons of water ; after which, 10 gallons of the mix- 
ture were again drawn off, and then 10 gallons more of 
water poured in ; and so on for a third and fourth time ; 
which being done, it a is required to find how much pure 
wine remained in the vessel, supposing the two fluids to 
have been thoroughly mixed each time ? Ans. 48f gallons 

17. A sum of money is to be divided equally among a 
certain number of persons ; now if there had been 3 
claimants less, each would have had 150/. more, and if 
there had been 6 more, each would have had ISO/, less ; 
required the number of persons, and the sum divided. 

Ans. 9 persons, sum 2700/. 

18. From each of sixteen pieces of gold, a person filed 
the worth of half a crown, and then offered them m pay- 
ment for their original value, but the fraud being detected, 
and the pieces weighed, they were found to be worth, in 
the whole, no more than eight guineas ; what was the 
original value of each piece ? Ans. 13*. 

19. A composition of tin and copper, containing 100 
cubic inches, was found to weigh 505 ounce* ; how many 
ounces of each did it contain, supposing the weight of a 
cubic inch of copper to be b} ounces, and that of a cubic 
inch of tin 4£ ounces. 

Ans. 420 oz. of copper, and 85 oz. of tin 

20. A privateer running at the rate of 10 miles an 
hour, discovers a vessel 18 miles a head of her, making 
way at the rate of 8 miles an hour ; how many miles 
will the latter run before she is overtaken. 

Ans. 72 miles 

21. In how many different ways is it possible to par 
100/. with seven shilling pieces and dollars of 4*. 6<f. 
each ? Ans. 6 different ways 

22. Given the sum of two numbers = 2, and the sum 
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of their ninth powers = 32, to find the numbers by a quad- 
ratic equation. Ans. 1± ^(2^/34— 11) 

. 23. It is required to find two numbers such, that their 
product shall be equal to the difference of their squares, 
and the sum of their squares equal to the difference of 
their cubes* Ans. \y/h and i (5+^/5) 

.24. The arithmetical mean of two numbers exceeds the 
geometrical mean by 13, and the geometrical mean exceeds 
the harmonical mean by 12 ; what are the numbers ? 

Ans. 234 and 104 

25. Given x 3 y+y 3 s=-3, and rr 6 y a +y 6 s 3 =7, to find 
the values of x and y. 

Ans. x=i( v '5-M), ?=4Cv/5-l) 

26. Given &4-y+2=23, xy+:r2+y*=167, and xyz 
=385, to find x, y, and z. Ans. z=5, y=7, z=zl\ 

27 'i To find* four numbers, a;, y 9 z, and w, having the 
product of every three of them given ; viz. x^2r=2Sl, 
zyw=*420, ^?w=1540, and a?2W=660. 

Ans. x=3, 2/=7, 2=11, and w=s20 

28. Given x+yz~3Q4 9 y+a:2r=237, and z+xyz=192 9 
to find the values of x, y, and z. 

Ans. x=10, y=17, and 2=22 

29i Given- »• +sy= 108, y a -f y*=69, and ** +ocz=580, 
to find the values of x, y, and z. 

Ans. s=9, y=3, and *=20 

30. Given x a +a;y+y a =5 and x 4 +x a y a +y 4 =U, to 

find the values of x and y by a quadratic* 

2 1 2 1 

Ans; »=-^/10 + -y5, y^ly/W-gSB 

31. Given the equation s< n — 2x Stt +s rt = <*> to find the 
value of a? by a quadratic. 

X 
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32. It is required to find the number by which, a 
people must increase annually, so that they may be 
doubled at the end of every century. 

Ans. By. 144, nearly 

• 

33. Required the least number of weights, and the 
weight of each, that will weigh any number of pounds 
from one pound to a hundred weight. 

Ans. 1 , 3, 9, 27, 81 

34. It is required to find four whole numbers- such, 
that the square of the greatest may be equal to the sum 
of the squares of the other three. 

Ans. 3, 4, 12, and 13 

35. It is required to find the least number, which being 
divided by 6, §, 4, 3, and 2, shall leave the remainders 6, 
4, 8, 2, and 1, respectively. Ans. 59 

36. Given the cycle of the sun 18, the golden number 
8, and the Roman indiction 1 0, to find the year. 

Ans. 1717 

37. Given 256* — 87y=l, to find the least possible 
values of x and y in whole numbers. 

Ans. a?=*52, and y=153 

38. It is required to find two different isosceles trian- 
gles such, that their perimeters and areas shall be both 
expressed by the same numbers. 

Ans. Sides of the one 29, 29, 40 ; and of 

the other 37, 37, 24 

39. It is required to find the sides of three right angled 
triangles, in whole numbers, such, that their areas shall 
lie all equal to each other. 

Ans, 58, 40, 42 j 74, 24, 70 ; 1 13, 15, U* 

J. 

40. Given x* = 1.2655, to find a near approximate 
value otx. Ans. 3.82013 
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41. Given x» = 5000, and y* = 3000, to find the values 
of x and y. Ans. a=4. 691445, and y=5.510132 

42. Given z*+yy=285, and y* — xv = 14, to find the 
values of x and y. 

Ans. *=4.016698, and y = 2.825716 

43. To find two whole numbers such, that if unity be 
added to each of them, and also to their halves, the sums, 
in both cases, shall be squares. Ans. 48 and 1680 

44 Required the two least nonquadrate numbers x and 
y such, that x*+y 2 and x 3 -\-y 3 shall be both squares. 

Ans. 3=364 and ^=273 

45. It is required to find two whole numbers such, 
that their sum shall be a cube, and their product and 
quotient squares. 

. Ans. 25 and 100, or 100 and 900, &c. 

46. It is required to find three biquadrate numbers 
such* that their sum shall be a square. 

Ans. 12*, 15*, and 20* 

47. *It is required to find three numbers in continued 
geometrical progression such, that their three differences 
shall be all squares. Ans. 567, 1008, and 1792 

48. It is required to find three whole numbers such, that 
the sum or difference of any two of them shall be square 
numbers. Ans. 434657, 420968, and 150568 

49. It is required to find two whole numbers such, 
that their sum shall be a square, and the sum of their 
squares a biquadrate. 

Ans. 4565486027761 and 1061652293520 

50. It is required to find four whole numbers such, 
that the difference of every two of them shall be a square 
number. 

Ans. 1873432, 22881*8, 2399057, «&& *3QftftKi 
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1 2 

51. It is required to find the sum of the series -+- 

S A. 3 

+~ — I +&c. continued to infinity, Aas. - 

27 ^81 * 4 

52. It i« required to find the sum of the infinite series 

3 9 ,27 81 , 243 f . 3 
&C. * Ans. - 

4 16^64 256M024 7 

53. It is required to find the approximate value of the 
infinite series 1 - -+--_+—— &c. 

Ans. .322467 

54. Required the sum of the series 5+6+7+8+9+ 
&c. continued to n terms. Ans. ;r(»+9) 

55. It is required to find how many figures it would 
take to express the 25th term of the series 2*+2 s +2 4 + 
%* +2 » • &c. Ans, .6050446 figures 

56. It is required to find the sum of 100 terms of the 
series (lX2)+(3X4)+(5X6)+(7+8)+(9X10) &c. 

Ans. 843400 

57'. Required the sum of l*+2»+3»+4»+5* &c. . . 
. ; + 50 s , which gives the number of shot in a square pile, 

the side of which is 50. . Ans. 42925 

• ■ 

58. Required the sum of 25 terms of the aeries 35+36 
X2+37X3+38X4+39X5&C. which gives the number 
of shot in a complete oblong pile, consisting of 25 tiers, 
the number of shot in the uppermost row being 35. 

Ant. 16575 
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APPENDIX. 

©F THE APPLICATION OF ALGEBRA TO 

GEOMETRY. 



In the preceding part of the present performance, I 
have considere'd Algebra as an independent* science, and 
confined myself chiefly to the treating on such of its most 
useful rules and operations as could be brought within 
a moderate compass ; but as the numerous applications, 
of which it is succeptible, ought not to be wholly over* 
looked, I shall here show, in compliance with the wishes' 
of many respectable teachers, its use in the resolution of 
geometrical problems ; referring the reader to my larger 
work on this subject, for what relates more immediately 
to the general doctrine of curves (a). 

For this purpose it may be. observed', that when any 
proposition of the kind here mentioned is required (o be 
resolved algebraically, k will be necessary, in the first 
place, to draw a figure that shall represent the several 



(a) The learner, before he can obtain a competent knowledge 
of the method of application above mentioned, must first make 
himself master of the principal propositions of Euclid* or of those/ 
contained in my Elements of Geometry; in which work he will 
find all the essential principles of the science comprised within a 
much shorter compass than in the former. 

And in such cases where it may be requisite to extend this 
mode of application to trigonometry, mechanics % w wvj ^v^v 
branch of mathematics, a previous knovAe^e o? \Xv^ ti&&?.^ vb& 
principles of these subjects will be equa\Vr uswsWfV 

Xfc 
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parts, or conditions, of the problem under consideration, 
and to regard it as the true one. 

Then, haying 'properly considered the nature of the 
question, the figure so formed, must, if necessary, be still 
farther prepared for solution, by producing, or drawing, 
such lines in it as may appear, by their connexion or re- 
lations to each other, to be most conducive to the end 
proposed. 

This being done, let the unknown line, or lines, which 
it is judged will be the easiest to find, together with 
those that are known, be denoted by the common alge- 
braical symbols, or letters ; then, by means of the pro- 
per geometrical theorems, make out as many independent 
equations as there are unknown quantities employed ; and 
the resolution of these, in the usual manner, will give the 
solution of the problem. 

But as no general rules can be laid down for drawing 
the lines here mentioned, and selecting the properest 
quantities to substitute for, so as to bring out the most 
simple Conclusions, the best means of obtaining experience 
in these matters will be to try the solution of the same 
problem in different ways ; and then to apply that which 
succeeds the best to other cases of the same kind, when 
they afterwards occur. 

The following directions, however, which are ex- 
tracted, with some alterations, from Newton's Vrnvetntl 
Arithmetic, and Simpson's Algebra and Select Exer- 
cises, will often be found of considerable use to the 
learner, by showing - him how to proceed in many cases 
of this kind, where he would otherwise be left to his own 
judgment. 

1st. In preparing the figure in the manner above men- 
tioned, by producing or drawing certain lines, let them 
be either parallel or perpendicular to some other lines in 
it, or be so drawn as to form similar triangles ; and, if 
an angle be given, let the perpendicular be drawn oppo- 
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site to it, and so as to fall, if possible, from one end of a 
given line. 

"' 2d. In selecting the proper quantities to substitute 
for, let those be chosen, whether required or not, that 
are nearest to the known or given parts of the figure, 
and by means of which the next adjacent parts, may be 
obtained by addition or subtraction only, without using 
surds. 

3d. When, in any problem, there are two lines, or 
quantities, alike related to other parts of the figure or 
problem, the best way is not to make use of either of 
them separately, but to substitute for their sum, differ- 
ence, or rectangle, or the sum of their alternate quotients; 
or for some other line or lines in the figure, to which 
they have both the same relation. 

4th. When the area, or the perimeter, of a figure is 
given, or such parts of it as have only a remote relation 
to the parts that are to be found, it will sometimes be of 
use to assume another figure similar to the proposed one, 
that shall have one of its sides equal to unity, or to some 
other known quantity ; as the other parts of the figure, 
in such cases, may then be determined by the known 
proportions of their like sides, or parts, and thence the 
resulting equation required. 

These being the most general observations that have 
hitherto been collected upon this subject, I shall now 
proceed to elucidate them by proper examples ; leaving 
such farther remarks as may arise out of the mode of 
proceeding here used, to be applied by the learner, as oc- 
casion requires, to the solutions of the miscellaneous 
problems given at the end of the present article. 



PROBLEM I. 

The base, and the sum of the hypothenuse and per- 
pendicular of a right angled triangle being given, it i» 
required to determine the triangle. 
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Let abc, right angled at c, be the proposed triangle ; 
and put bc=6 and ac=#. 

Then, if the sum of ab and ac be represented by s, 
the hypothenuse ab will be expressed by *— x. 

But', by the well known property of right angled trian- 
gles (Euc. i. 47) 

Ac a +Bc a =AB a , or 

X 2 +52 =s a _ 2sx-\-x* . 

Whence, omitting a; 2 , which is common to both sides 

of the equation, and transposing the other terms, we shall 

have 

2ar=s 2 -6 a , r 

s a — b 2 

which is the value of the perpendicular ac ; where s and 
b may be any numbers whatever, provided s be greater 
than b. 

In like manner, if the base and the difference between 
the hypothenuse and perpendicular be given, we shall 
have, by putting x for the perpendicular and d+x for the 
hypothenuse, 

a; 3 +2dx+d* =6 a -fx a , op 
b* -d a 



#= 



2d 



(a) The edition of Euclid, referred to in this and all the follow- 
ing problems, is thafc. of D*. Simson, London-, 1601 ; which may 
also be used in the geometrical construction of these problems, 
should the student be inclined to exercise his talents upon thin* 
elegant but more difficult branch of the subject* 
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Where the base (b) and the given difference (d) may be 
any numbers as before, provided 6 be greater than d. 



PROBLEM II. 



The difference between the diagonal of a square and 
•ne of its sides being given, to determine the square J 




Let ag be the proposed square, and put the side bc, or 

CD, =^c. 

Then, if the difference of bd and bo be put W, the 
hypothenuse bd will be =x+d. 



But since, as in the former problem, Bc*+GD a , or 
2»c*asBD a , we shall have 



2x*=x*+2dx+d*> or 

. Which equation being resolved according to the rule 
laid down for quadratics, in the preceding part of the work, 
gives 

x=d+dy/2. 

Which is the value of the side bc, as was required. 



PROBLEM III. 



The diagonal of a rectangle abcd, and the perimeter, 
or sum of all its four sides, being given.) to &vi tfea *jAw* 
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«~-<r 



Let the diagonal ac=cJ, half the perimeter ab+bc 
■a, and the base bc=x ; then will the altitude ab= 



And since, as in the former problem, AB*+Bc a =Ac*, 
we shall have * *~ 

a 2 — 2ax+x* +x a =d* , or 

<**— a* 
X* — as= — - — . 



Which last equation, being resolved, as in the former 
instance, gives 

Where a must be taken greater than d and less than 
dy/2. 



PROBLEM IT. 



The base and perpendicular of any plane triangle abc 
being given, to find the side of its inscribed square. 




B F D a C 



Let eg be the inscribed square ; and put bc=&, ad=|>, 
and the side of the square eh or ef=#, 
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Then, because the triangles abc, aeh, are simila 
ti, 4,) we shall have 

ad : Bfc : : ai : eh, or 
p : b { : (p— »x) : x. 

Whence, taking the prod acts of the means and ex- 
tremes, there will arise 

px=bp ~bx. 
Which, by transposition and division, gives * 

bp 

b+p 
Where b and p may be any numbers whatever, either 
whole or fractional. 



problem v. 



Having the lengths of three perpendiculars, ef, eg, 
bh, drawn from a certain point e, within an equilateral 
triangle abc, to its three sides, to determine the sides. 




Draw the perpendicular ad, and having joined ea, eb, 
and ec, put EF=a, eg=6, eh=c, and bd (which is Jbc) 
=x. 

Then, since ab, bc, or ca, are each =2x, we shall have, 
by Guc. i, 47, 

ad= <v /(ab 2 — BD a )=, v /r4a? 1 - x*)=</3x*=Xy/3. 

And because the area or any plane triangle is equal to 
half the rectangle of its base and perpendicular, it follows, 
that 



i* 
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ABEc=jBcXEF=arXo *=ax 9 
AAEc=-^AcXEGr=sa;X& =&*, 
Aaeb=^abXehbsxXc =*cx. 

Bat the last three triangles bbc, aec* abb, are together, 
equal to the whole triangle abc • whence 

x* ^/3^=ttx+bx + car. 

And, consequently, if each side of this equation he di- 
vided by x } we shall have 

x-^3— a+b+c, or 
x = 



a/3 

Which is, therefore, half the length of either of the 
three equal sides of the triangle. 

Cor. Since, from what is above shown, ad is = ar^/3, 
it follows, that the sum of all; the perpendiculars* drawn 
from any point in an equilateral triangle to each of its 
sides, is equal to the whole perpendicular of the triangle. 



problem VI. 

Through a given point p, in a> given circle acbd, to 
draw a cord cd, of a given length. 




Draw the diameter apb ; and put cd 
pB=c, and cp=x j then will pi>*=a— #. 



a, ap -s* P, 



4 
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But, by the property of the circle, (Euc. m. 36,) 
cpXpd=apXpb; whence 

z(a— ap)=soc, or 

Which equation, being resolved in the usual w/aj 
gives 

Where x has two values, both of which are positive* 



PROBLEM 



EM Vjl. 



Through a given point p, without ajjiven circle abdc, 
to draw a right line so that the part cd, intercepted by the 
circumference, shall be of a given length. 




Draw pab through the centre o ; and put gd = o, 
tA*nb r PB=e«, and pens ; the* will pd=«+«. 

But, by the property of the circle, (Euc. in, 30, cor.,} 
pc X pd=pa Xp» f whence 

x(z-\-a)=bc, or 



x* 



Which equation being resolved, as in the former prob- 
lem, give* 

Where one value of a; is positive and the other nega- 
tive (c). ^ 



(c) The, two Isstprefafeuto, with a few slight alterations, may 
be readily employed lor' finding the roots or quadratic equations 
by construction ; tat tins, 1ft well as the mUnto€teqg»&^^«9fc. 
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PROBLEM VIII* 



The base bc, of any plane triangle abc, the sum of the 
sides ab, ac, and the line ad, drawn from the vertex to 
the middle of the base, being given, to determine the tri- 
angle. 

A 




Put bo or DC=a, ad=&, ab+ac=s, and ab=x ; then 
will ac=«— x. 

But, by my Geometry, B. n^ 19, ab*+ac =2bd + 
2aj> 9 ; whence 

a? 3 +(s-a;)««r2a»+26*, or 
*«_ sx=a a +b* r\*- 

Which last equation, being resolved as in the former 
instances, gives 

for the values of the two sides ab and ac of the ta-iangle ; 
faking the sign + for one of them, and -*for the other and 
Bte^rving that a* +6* must be greater thanks 3 » 

problem iz. 

■ 

-The two sides ab, ac, and the line ad, bisecting the ver- 
tical angle, of any plane triangle, abc, being given to find 
the base bc. 



for constructing cubic and some of the higher orders of equa- 
tions, is a matter of little importance in the, present atate of mathe- 
matical science : analysis, in these cases, being generally thought 
« more commodious instrument than. ge^osttrjv 
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Fut AB=a, ac=6, ad==c, and bc=jf ; then, by Eqe. 
ti, 3, we shall have 

ab(o) : ac(6) : : bd : dc. 

And, consequently, by the composition of ratios (Euc. 
r, 18,) 

a+b 
and 

a+b : 6 : :•.« :©c= r . 

a + o 

But, by Euc. vi, 13 # bd Xdc+ad 2 =ab Xac j wherefore, 
also. 

( T+oy+ c,sssa *' or 

oox> =B.(a+6)« X (a* - c* ). 
From which last equation we have 

^^ 

Which is the ralue of the base bc, as required. 



niOBLSK x. 



Having s^ten the lengths of two lines ad; be, drawn 
from ther acute angles of a right angled trisj^Hfcjuic, to the 
driddM ofihe <)^p09He sifev, it is reqmre^W Wifcntt ine 
the triangle. *F^fc 



JM4 
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Put 4D=a > bb = 6, cp or |cb*=s, and ce or $eA=y ; 
then, since (Euc. i, 47) cd s +ca , =ad 2 > andcE a +cB a 
=be», we shall hare 

yt+4*»=6*. 

Whence, taking the second of these equations from four 
limes the first, there will arise • 

. J5y 2 =4a* — 6», or 
4a»— b* 

And, in lik« manner, taking the first of themnMeffta- 
Hons from four times the second, there will arise 

.10 

Which values of x and y are half the lengths of the 
base and perpendicular of the triangle ^ observing that 6 
nust be less than 2a, and greater than £a. 



P&OBXE# 



Having. ^ven % tfce . r^tio,. of 4h* .Jwa; ^i^^f ft; pkne 




>**» 
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' Pot bd=«, i>c=6, ab=sx, ic=y, and the ratio of the! 
sides as m to n. 

Then, 9ince by the question, ab : ac : : m : n, and by 
B. ii, 16, of my Elements of Geometry, ab 2 — AC* =* 
bd» -dc 1 , we shall have " 

x : y : : m : n, and 

But, by the first of these expressions, nx=rmj, or y= 

— ; whence, if this be substituted for y in the second* 
m 

there will arise* 



(wi s — n a )a?» =ro* (a 2 -.6* ) 

And consequently, by division and extracting the square 

root, we shall have 

a 2 -6 a , 
, and 



tn*—n 2 

which ate the vsjoes of tlvttwo sides ab, ac, of the tri- 
angle, m was required* ■ •■ * ■ 






^ftOBHM >xr£ 



r ■- : 



Given the hyppthenuse of a right angled triangle abc, 
and the tide* of its inscribe^ squar* w f to find thfeotbef 
two sites of (he triangle. 

1% 



u$ 



Jk&UCATm Q? 




Put AM^hy w, or WKi fc ac=x, and C9~jf ; then, by 
ahnSai' triangles, we jhall hare 

ac(«) : cs(y) : : jur(e>«»t). : td(*)i 

And, consequently, by multiplying the ineans and ex- 
tremes, 

But since, by Euc. I, 47, ac* +cb*?=ab*, we shall like- 
wise hare 

**+$*"=&* (2) 

Whence, if twice equation (l)ber added to equation 
(8), there will arise 

Which equation, being moires] agar?, the manner of a 
quadratic, gives 

x+y =*± ^(h* +« a 0^V 

Hence, if thia rahw b^ atfSJit^i^^ y Jii^^^^MJei*' 
(1), there will arise 



:?i.'jn 






=*{*± v /(ft*4-«a)}, or 

And, consequently, by resolving this last equation, we 
•hall hare 
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and 

Which are the values of the perpendicular ac and base 
bc, as was required. 



VMVIMM xuu 



Haying given the perimeter of a' right angled -triangle 
abc, and the perpendicular en, falling from, the right 
angle on the hypotnenuse, to determine the triangle. 

A 




B 

Put p^perimeter, cd?=»«; ao«*#, and Bc«y; then 

AB=p«t-(x+y)« 

But, by right angled triangles (Euc. i, 47) ac*+bc» 
=ab* ; whence 

*■ +y* ^P* -2p(*+»)+*» i +2ary+y» . 

Or, by transposing the terms and dividing by 2 

. K*+y)-fc> a=; ** - (»)■■ 

Abd^inc** by similar triangles, a* : bc : : ac t cp r 
we shall also have, by multiplying the means and €r* 
tremes, 

abXop=bcXac, or 
ap-a(x+y)=xy (2) 

Whence, by comparing equation (1) with equation (*), 
(here will arise 
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Wtoe N 

a+p 

o+P 
And, if these values be now substituted for x+y and y 
i equation (2), the result, when simplified and reduced, 
will give 

(a+p)x*— ?>»+#>*= -*ap» . 
From which last -equation and the value of y, above 
found, we shall have 

x or ac«^*4±St4^ V {(«-iP) f -•* I 

2(o+p) 2(d+p) y 1V v/ * 

and 

And, if the sum of these two sides be taken from />, 
the result will give 



AB==p — (*+y)= 



Which expressions are, therefore, respectively equal 
to the values of the three sides of the triangle. 



9A0BLEM xrv. 



Given the perpendicular, base, and sum of the sides of 
an obtuse angled plane triangle ab<?, to determine the tyro 
sides of the triangle. 
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Let the perpendicular An=*p, the base bc=6, the sum 
of ab and ac=*> and their difference » x 

Then, since half the difference of any two quantities 
added to half their sum gives the greater, and, when sub- 
tracted, the less, we shall have 

AB=4(s+a:), and ACr=£(* — x). 

£ut, by Euc. 1, 47, cD a =Ac a — ad*, or cn^^ifi — 
a?)* —jo 3 } ; and, by B, 11, 12, AB a =BC a +AC a +2BcXcD ; 
whence 

ss— o»=26 <v /{j(5— x) a — p 8 }. 

And if each of the sides of this last equation be squared* 
there will arise, by -transposition and simplifying the re- 
sult, N 



x =xbS(l — 



4/>* 



)• 



Whence, by addition and subtraction, we shall have 
Which are the aides of the triaogte, as was required* 



PROBLEM XV. 



It is required to draw a right line bfe from one of the 
angles b of a given square bo, so that the part pb, inter-' 
cepted by de and dc, tinall be of a given length. 



*. 
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Bisect fe in <*, and pat ab or Bc=a, fg or ge=6, and 
BG=a; ; then will be=*x+6 and Br«x— 6, 

But since, by right angled trtanglei, ab*=*bb»'--ab 1 , 
we shall hare 

And, because the triangles bcf, eab, are similar, 
bf : bc : : be : ae, or 

a(x+b)=(x— b)y/{(x+b)* -a*} 

Whence, by squaring each side of this equation, and 
arranging the terms in order, there will arise 

z 4 — 2(a a +6 3 )x a =&»(2a a — b*). 

Which equation, being resolved after the manner of a 
quadratic, will give 

And, consequently, by adding b to, or subtracting it from 
this last expression, we shall hare 

a*-\-b*±a^/(a*+4b*) 
' a* +b* ±a<s(a* +4b*) 

Which values, by determining the point e, or f, will 
satisfy the problem. 

Where it may be observed, that the point o lies in the 
circumference of a circle, described from the centre d, 
with the radius fg, or half the given line. 





PROBLEM XTI. 



The perimeter of a right angled triangle abc, and the 
radius of its inscribed circle being given, to determine the 
triangle. 




ALGEBRA TO GEOMETRY. 251 

Let the perimeter of the triangle = p, the radius o» # 
oe, or of the inscribed circle =r, ae=x, and bd=i/. 

Then, since in the right angled triangles aeo, afo, oe 
is equal to of, and oa is common, af will also be equal 
ae, or x. 

And, in like manner, it may be shown, that bf is equal 
to bd, or y. 

But, by the question, and Euc. i, 47, we have 
(x+r)+(jy+r)+(x+y)=:p> and 
(s+r)3+(y+r)*=(s+y)'. 
Or, by adding the terms of the first, and squaring those 
of the second, 

a?+y=|p— r, and 

Hence, since, in the first of these equations, 3F=(ip— r) 
— x, if this value be substituted for y in the second, there 
will arise 

x* - (£o — r)x = — r(\p - r. 

Which equation, being resolved in the usual manner, 
gives 

*=i(lP~r)±A/{i(iP- 0* -'(*/> -V)}, 

and 

And, consequently, if r be added to each of these last 
expressions, we shall have 

and 

■c-MfH-OT^lKtP r)»-r(fc>-r)}, 
for the values of the perpendicular and base oi the trian- 
gle, as was required. 



PROBLEM XVII. 

From one ef the extremities a, of the diameter of a 
given semicircle adb, to draw a right line ae, so that the 
part oe, intercepted by the circumference -and a perpen- 
dicular drawn from the other extremity, shall be of a 
given length, 



t52 
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A B 

• Let the diameter ab=J, DE=a, and AE=a; ; and 
join bd. 

Then, because the angle adb is a right angle, (Euc. 
ni, 31,) the triangles abe abo, are similar. 

And, consequently, by comparing their like sides, we 
shall have 

as : ab •:_ : ab : aj>, or 
x : d : : d : x—a. 

Whence, multiplying the means and extremes «f these 
proportionals, there will arise 

Which equation, being resolved after the usual man- 
ner, gives 



JPBOBLEM XVIII. 



To describe a circle through two given points a, b, 
that shall touch a right line cd given in position. 




Join ab ; and through o, the assumed centre of the 
required circle, draw vp perpendicular to ab; which 
Will bisect it in e (Euc. hi, 3). 

Also, join ob j and draw kh, ogj perpendicular to c*$ 
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the latter of which will fall on the point of contact a 
(Euc. in. 18). 

Hence, since a, e, b, h, f, are given points, put 
EB=a, ef=6, eh=£, and ro=o; j which will give 
of=6— x. 

Then, because the triangle oeb is right angled at e, we 
shall have 

0B a =E0 a +EB a , or 
0B= v /(a: 2 +a 3 ). 

But, by similar triangles, fe : eh : : f© : og or ob } 
or b : c : : 6 — re : ob ; whence, ailso, 

ob=-=-(&— x). 

And, consequently, if these two values of ob be put 
equal to each other, there/ will arise 

i 

Or, by squaring each side of this "equation, and simpli- 
fying the result, 

(6 a — c a )* a +2&c 2 s=6 a (c 2 — a 2 ). 

Which last equation, when resolved in the usual man- 
ner, gives 

be 2 c* c a *— fl a 

for the distance of the centre o from the chord ab ; 
where 6 must, evidently, be greater than c, and c greater 
than a. 

PROBLEM XIX* 

The three lines ao, bo, co 9 drawn from the angular 
points of a plane triangle abc, to the centre of its in- 
scribed-circle, being given, to find the radios of the circle, 
and the sides oT the triangle. 
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Let o be .the centre of .the circle, and, on ao produced, 
let fall the perpendiculars cd ; and draw oe, of, oo, to 
the points of contact e,-*f, o. 

Then, because the three angles of the triangle abc are, 
together, «»quaJ to two right angles, (Euc. i, 32,) the 
•urn of their ^halves oac+ooa+obe will be equal to one 
Tight angle. 

But the sum pf the two former of these, OAC-f oca, is 
equal to the external angle ooc ; whence the sum of ooc 
+obe, as also of noc-f-ocD, is equal to a right angle ; 
and, consequently, o£e=ocd. 

Let, therefore, ao=<i, bo=6, co=c, and the radius 

•E, OF Or OG=X£ 

Then, since the triangles boe, cod are similar, bo : 
ce : : co : od, or b : x : : c : od ; which gives 

ex c 2 x^ c 

od=--, and cd= v /(c 2 — ■— ) or T ^/(b* — as*). • 
o o 2 o % 

Also, because the triangle aoc is obtuse angled at o, we 
sb^h^ve (Euc. ii, 12) 

ic* =ao* +co a +2ao X od ; or 

Ac« i /( aa + c9 + -J-) °V J b )• 

But the triangles acd, Aof, being likewise similar, 

t ac : CD : : ao : of, or 

<•(- f- ) : rV(* a ~* a ) : : a : ar. 



£ 
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Whence, multiplying the means and extremes, andf 
squaring the result, there will arise 

bx* { 6(a* -f c* )+2acx } =a» c« (i 8 -x» ). 

Or, by collecting the terms together, and dividing by 
the coefficient of the highest power of a?, 

From which last equation x may be determined, and 
thence the sides of the triangle (d). 

problem xf .. 

Given the three sides ab, bc, ci>, of a trapezium ab«d, 
inscribed in a semicircle, to find the diameter, or re- 
maining side a©. 




Let AB=a, bc=6, cd=c, and ad=x ; thee, by Euc. 

VI, D, ACXBD=ABXBC-|-ABXCD=Oa;+aC. 

Bu^bo, acd, being right angfes, (Euc. hi. 31,) we 
shalltVve 

ac^^ad 3 — dc 3 ), or ^/(x 2 — c*\ and 
bd= x /(ad 2 — ab 2 ), or ^/(x a — a a ). 

Whence, by substituting these two values in the former 
expression, there will arise 



(d) This, and the following problem, cannot be constructed 
^geometrically, or by means only of right lines and a circle, being 
what the ancients usually denominated solid problems, from the 
circumstance of their involving an equation of more than two di- 
mensions ; in which cases they generally employed the conic ceo*, 
tions, or some of the higher orders of ttunta* 



J»"jr ~>m 
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v /(a; a -ca)X v /(ar a — a»)=6x+ac. 

Or, by squaring each side, and reducing the result, 

x* — (a* +6* +c* )r=2a6c. 

From which last equation the value of x may be fousd, 
in the last problem (e). 

MISCELLANEOUS PROBLEMS. 

PROBLEM I. 

To find the side of a square, inscribed in a given semi* 

circle, whose diameter is d. i 

Ans* ~-d*/o 
5 

problem ir. 

Having given the hypothenuse (13) of a right angled 
triangle, and the difference between the other two sides 
(7), to find these sides (/). Ans. 5 and 12 

PROBLEM III. 

To find the side of an equilateral triangle, inscribed 
in a circle, whose diameter is d ; and that of another 
circumscribed about the same circle. 

Ans. id</3, and d</3 

^ PROBLEM IV. ^. 

To find the side of a regular pentagon, inscribVgfe a 
circle, whose diameter is d. Ans. ^^(10—2^5) 



(e) Newton, in his Universal Arithmetic, English editions 1728, 
lias resolved this problem in a variety of different ways, in order 
to show, that some methqds of proceeding, in cases of this kind, 
frequently lead to more elegant solutions than others j and that a 
ready knowledge of these can only be obtained by practice. 

(/) Such of these questions as are proposed in numbers, should 
first be resolved generally, by means of the usual symbols, and 
then reduced to the answers above given, by substituting the nu- 
meral values of the letters in the results thus obtained. 
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PROBLEM V." - 

To find the sides %f a rectangle, the perimeter of *which 
shall be equal to that of a square, whose side is a, and 
its area hali that of a square. 

Ans. a+la^/2 and a-^\a s /% 

PROBLEM VI. 

Having given the side (10) of an equilateral triangle, 
to find the radii of its inscribed and circumscribing cir- 
cles. Ans. 2.8868 and 6.7736 

PROBLEM VII. 

Having given the perimeter (12) of a rhombus, and 
the sum (8) of its two diagonals, to find the diagonals. 

Ans. 4+^/2 and 4— v/2 

PROBLEM VIII. 

Required the area of a right angled triangle, whose 
hypothenuse is a; 3 *, and the base and perpendicular x** 
andx*. Ans. 1.029085 

PROBLEM IX. m 

Having given the two contiguous sides (a, b) of a pa- 
rallelogram, and one of its diagonals (d), to find the other 

Ans. v /(2ap-26 a -d a ) 

PROBLEM X. 

faving given the perpendicular (300) of a plane trian- 
gle, the sum of the two sides (1 150), and the difference of 
the segments of the base (495), to find the base and the 
sides. Ans. 915, 375, and 780 

PROBLEM XI. 

The lengths of three lines drawn from trfe three angles 
of a plane triangle to the middle of the opposite sides, 
being 18, 24, and 30, respectively ; it is required to find 
the sides. Ans. 20, 28.844, and 34. 176 - 
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PROBLEM XII. 

f ■ 

In a plane triangle, there is given the base (50), the 
area (796), and the difference of the sides (10), to find 
the sides and the perpendicular. 

Ans. 36, 46, and 33.261 

PROBLEM XIII. 

Given the base (194) of a plane triangle, the line that 
bisects the vertical angle {66), and the diameter (200) of 
the circumscribing circle, to find the other two sides- 

Ans. 81.36587 and 157.43865 

PROBLEM XIV. 

The lengths of two lines that bisect the acute angles 
of a right angled plane triangle, being 40 and 50 respec- 
tively, it is required to determine the three sides of the 
triangle. Ane. 35.80737, 47:40788, and 59.4 1 143 

PROBLEM XV* 

Given the altitude (4), the base (8), and the sum of the 

sides (12), of a plgne triangle, to find the sides. 

4 "' 4 
Ans. 6-K^/o and 6 ^/ 6 



« 



r 



t* 



PROBLEM XVI. 




Having given the base of a plane triangle (15), il 
(45), and th^ ratio of its other two sides as 2 to 3, it isre- 
quired to determine the lengths of these sides. 

Ans. 7.7915 and 11.6872. 



PROBLEM XVII. 



Given the perpendicular (24), the line bisecting the 

base (40), ancrthe line bisecting the vertical angle (25) 

to determine the triangle. - A __ 250 

Ans. The base — ^/7 

From which the other two sides may be readily found. 
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